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Abstract 

We construct N=l supersymmetry in 4+2 dimensions compatible with the theoretical framework 
of 2T physics field theory and its gauge symmetries. The fields are arranged into 4+2 dimensional 
chiral and vector supermultiplets, and their interactions are uniquely fixed by SUSY and 2T-physics 
gauge symmetries. Many 3+1 spacetimes emerge from 4+2 by gauge fixing. Gauge degrees of 
freedom are eliminated as one comes down from 4+2 to 3+1 dimensions without any remnants 
CN ' of Kaluza-Klein modes. In a special gauge, the remaining physical degrees of freedom, and their 

O : 

interactions, coincide with ordinary N=l supersymmetric field theory in 3+1 dimensions. In this 



gauge, SUSY in 4+2 is interpreted as superconformal symmetry SU(2,2|1) in 3+1 dimensions. 
Furthermore, the underlying 4+2 structure imposes some interesting restrictions on the emergent 
3+1 SUSY field theory, which could be considered as part of the predictions of 2T-physics. One of 
these is the absence of the troublesome renormalizable CP violating F+F terms. This is good for 
curing the strong CP violation problem of QCD. An additional feature is that the superpotential is 

•i-H . 

required to have no dimensionful parameters. To induce phase transitions, such as SUSY or electro- 
weak symmetry breaking, a coupling to the dilaton is needed. This suggests a common origin of 
phase transitions that is driven by the vacuum value of the dilaton, and need to be understood in 
a cosmological scenario as part of a unified theory that includes the coupling of supergravity to 
matter. Another interesting aspect of the proposed theory is the possibility to utilize the inherent 
2T gauge symmetry to explore dual versions of the N=l theory in 3+1 dimensions, such as the 
minimal supersymmetric standard model (MSSM) and its duals. This is expected to reveal non- 
perturbative aspects of ordinary IT field theory. 



*This work was partially supported by the US Department of Energy, grant number DE-FG03-84ER40168. 
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I. 2T-PHYSICS FIELD THEORY 

Two Time Physics (2T-physics) is a unification approach for usual one time physics 

(lT-physics) through higher dimensions that includes one extra timelike and one extra space- 
like dimensions. This unification is distinctly different from Kaluza-Klein theory because 
in the reduction from d + 2to(d— 1) + 1 dimensions there are no Kaluza-Klein towers of 
states. Instead, in the end result of the reduction one finds a variety of (d — 1) + 1 emerg- 
ing spacetimes embedded in the same d + 2 spacetime, resulting in a family of lT-physics 
systems in (d — 1) + 1 dimensions, with different dynamics from each other (i.e. different 
Hamiltonians), obeying duality type relationships among themselves. 

Furthermore, each IT system in the family is a holographic image of the same parent 
system in d + 2 dimensions, and has hidden symmetries that reflect the global symmetries of 
the parent theory. These hidden symmetries, and the dualities, are reflections of the hidden 
extra dimensions. Such properties of 2T-physics are summarized with some examples in 
Fig.l of ref.[13|. 

The essential ingredient underlying 2T-physics is the basic gauge symmetry Sp(2, R) 
acting on phase space X m ,Pm [l]. The role of Sp(2,i?) is most easily explained in the 
worldline description of particles. In that context it is a generalization of the 1-parameter 
gauge symmetry of worldline r reparametrization to a 3-parameter non-Abelian Sp(2, R) 
gauge symmetry acting on phase space. This gauge symmetry requires the particle to live 
in a target spacetime with two timelike directions, so the 2T feature is an outcome of the 
gauge symmetry rather than being an input by hand. 

The extra 2 parameters in the gauge symmetry are able to remove 2 degrees of freedom 
from target spacetime in many possible ways. Through such gauge fixing one can then find 
many possible embeddings of phase space in (d — 1) + 1 dimensions into d + 2 dimensions. 
So, a given d + 2 dimensional 2T theory descends, through Sp(2, R) gauge fixing, down to a 
family of holographic IT images in {d — 1) + 1 dimensions. All images are gauge equivalent 
(or dual) to each other, while each one is also gauge equivalent to the same parent 2T theory 
in d + 2 dimensions. However, the various images have differing lT-physics interpretations 
because of the different definitions of "time" and "Hamiltonian" inherent in the phase space 
embeddings of (d — 1) + 1 in d + 2 . The rich web of dualities among the emerging lT-physics 
systems is the surprising unifying power of the 2T-physics approach. 
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2T-physics includes all cases of particles moving in all possible background fields It 
also describes particles with spin [2[] or with target space supersymmetry, by appropriate 
generalizations of Sp(2, R) ^jjalQ]. In all such cases one finds unified families of lT-physics 
systems that emerge from a unifying parent theory directly defined in d + 2 dimensions. 
So, 2T-physics appears to be sufficiently general to be able to accommodate all lT-physics 
systems as members of families of holographic images, with each family representing some 
higher system with 1 + 1 extra dimensions. 

Recently, a field theoretic description of 2T physics has been established and applied to 



the Standard Model of Particles and Forces 



13| . In the field theoretic 4+2 Standard Model 



(SM), the type of phenomena such as hidden symmetries, duality, holography and emergent 

th eory 
12J[13|. 



spacetimes are also present owing to a newly discovered 2T gauge symmetry in fielc. 
which is actually a consequence of the gauge symmetry Sp(2, R) on the worldline 
For the time being only one of the field theoretic images, namely the "massless relativistic 
particle" gauge noted in Fig.l of ref. l^] (see footnote ([£])), has been studied in the field 
theory context. It is this 3 + 1 holographic image of the 4 + 2 SM that coincides with the 
well known 3 + 1 SM. 

The underlying 4+2 structure imposes some interesting restrictions on the emergent 3+1 
Standard Model, which could be considered as part of the predictions of 2T-physics. Some 
attractive features include a new solution of the long standing strong CP problem in QCD 
without an axion, and novel ideas on the origins of mass generation as briefly reiterated 
below. 

The goal of the present paper is to formulate the general supersymmetric version of 
2T-physics field theory in 4 + 2 dimensions, for fields of spins 0, |, 1, with N = 1 super- 
symmetry (SUSY). This will be a starting point for physical applications in the form of 
the supersymmetric version of the SM in 4 + 2 dimensions, as well as for generalizations to 
higher N = 2, 4, 8 supersymmetric 2T-physics field theory, which will be presented in future 
papers. A summary of our results for N = 1 SUSY has appeared as short letter 151 ] . 

In the following, we briefly summarize the essential features of 2T field theory which will 
be the structure on which we will impose N — 1 supersymmetry in the coming sections. 

The field theory in 4+2 dimensions with fields of spins 0, |, 1, describes a set of SO(4, 2) 
vectors A a M (X) labeled with M = SO(4, 2) vector, and a = the adjoint representation 
of a Yang-Mills gauge group G (for example, G =SU(3) xSU(2) xU(l) for the Standard 
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Model, G =SO(10) for Grand Unification); scalars Hi (X) , labeled by an internal symmetry 
index z = 1,2,--- (a collection of irreducible representations of G); left or right handed 
spinors (X) , if)^ (X) in the 4,4* representations of SU(2, 2) =SO(4,2), labeled with 
a = 1, 2, 3, 4, and a — 1, 2, 3, 4, and internal symmetry indices I — 1, 2, • • • and / = 1, 2, ■ • ■ 
(again, a collection of irreducible representations of G). 

The generic 2T-physics Lagrangian has the form of a Yang-Mills theory in 4+2 dimensions 
(G-covariant derivatives). But it contains 4 + 2 space-time features shown explicitly in the 
Lagrangian below, which are needed to impose the underlying Sp(2, R) gauge symmetry and 
the related 2T-physics gauge symmetries. 



There is no space here to ex 



ain the origin of the 2T-physics gauge symmetries in field 



theory that are given in [12] [13]. But we emphasize the basic important fact that the 
equations of motion that follow from the Lagrangian below impose the Sp(2, R) gauge singlet 
conditions X 2 = X ■ P = P 2 = (or OSp(n|2) gauge singlet conditions for a field with spin 
n/2), but now including interactions 13j. The field theory Lagrangian with these properties 
has the general form 



5 (X 2 ) {-D M H i ^D M H l } + 2 5' (X 2 ) H^H, 
+5 (X 2 



i)LXD^) IL + tfjiDX^L 



^ R I XD^jj R + ij R I DX^j R 



+5 (X 2 ) [yffL X^H, + (y*y H^rX^l} 
+6 (X 2 ) {-\F« MN FM* - V (H, H*, $)} 
-\5{X 2 ) d M $d M <S> + 5'(X 2 ) $ 2 



The left arrow on Dm means that the covariant derivative acts on the field on its left 
iPlDm = F>m^l- The distinctive space-time features in 4+2 dimensions include the delta 
function 5 (X 2 ) and its derivative 5' (X 2 ) that impose X 2 = X m Xm = (see footnote 
(E])), the kinetic terms of fermions that include the factors XD, XD, and Yukawa couplings 
proportional to y} 1 , yf that include the factors X or X, where X = T M X M , D = T M D M 
etc., with 4x4 gamma matrices T M , T M in the 4,4* spinor bases of SU(2, 2)=SO(4, 2) . Our 
notation for gamma matrices for SO(4, 2) =SU(2, 2) is given in Appendix flA|) . 

This Lagrangian is not invariant under translation of X M , but is invariant under the 
spacetime rotations SO(4, 2). In fact, it has precisely the right space-time, and gauge in- 
variance, properties for the 4 + 2 field theory to yield the usual 3 + 1 field theory. The 



reduction from 4 + 2 dimensions X M , to 3 + 1 dimensions a+ is obtained via gauge fixing 
(see footnote (jSJ)). The emergent 3 + 1 field theory is invariant under translations of x^ and 
Lorentz transformations SO(3, 1). These Poincare symmetries are included in SO(4, 2) that 
takes the non-linear form of conformal transformations in the emergent 3 + 1 dimensional 
space-time x^ . The emergent 3 + 1 theory contains just the right fields as functions of x M : 
all extra degrees of freedom disappear without leaving behind any Kaluza-Klein type modes 
or extra components of the vector and spinor fields in the extra 1+1 dimensions. Further- 
more, the emergent field theory has the usual kinetic terms and Yukawa couplings in 3 + 1 



dimensional Minkowski space 131 ]. 



As in the last line of the Lagrangian, one may also include an additional SO (4, 2) scalar, 
the dilaton $ (X) , classified as a singlet under the group G. The dilaton is not optional if the 
action is written in d + 2 dimensions (see 



2(d-4) ri-4 

13]), as it appears in overall factors $ d ~ 2 , $ d ~ 2 



multiplying the Yang-Mills kinetic term and Yukawa terms respectively, in order to achieve 
the 2T-gauge symmetry of the action. In 4 + 2 dimensions (d = 4) these factors reduce to 
1, but the dilaton can still couple to the scalars H in the potential V (H, H*, <3>) . 

The 2T-physics field theory above is applied to construct the Standard Model in 4+2 
dimensions by choosing the gauge group G =SU(3) xSU(2) xU(l) and including the usual 
matter representations for the Higgs, quarks and leptons (including right handed neutrinos 



in singlets of G), but now as fields in 4 + 2 dimensions. As explained in 13] this theory 
descends to the usual Standard Model in 3 + 1 dimensions. 

When we apply the 4 + 2 approach to construct the Standard Model, almost all of the 
usual terms of the 3 + 1 dimensional Standard Model emerge from the 4 + 2 field theory 
above, except for two notable exceptions that play an important physical role. Namely, 

• There is no way to generate a renormalizable term in the emergent 3 + 1 theory that 
is analogous to the P and CP-violating term 9F llv F\ a e^ v ' Ka that is possible in a purely 
lT-physics approach in 3 + 1 dimensions 1 . The absence of 9 in the emergent Standard 



1 Actually there appears as if there would be a topological term of the form 
Jd 6 X e MlM2M3MiM5M6 Tr(F Ml M 2 F M3 M 4 F Ah M 6 ) whose density is a total divergence for any Yang- 
Mills gauge group G. Such a term could descend to 3 + 1 dimensions 9F iiV F\ a e livX(T with an effective 
9 ~ . However, it can be shown that this 9 is 2T gauge dependent and is gauge fixed to zero in 

the process of descending from 4 + 2 to 3 + 1 dimensions. This and other possible sources of the 6 term 
are discussed and eliminated in [l^|. In this sense, the 2T gauge symmetry plays a similar role to the 
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Model is due to the fact that the Levi-Civita symbol in 4 + 2 dimensions has 6 indices 
rather than 4, and also due to the combination of 2T gauge symmetry as well as 
Yang-Mills gauge symmetry. The absence of this CP-violating term in 2T-physics is 
of crucial importance in the axionless resolution of the strong CP violation problem 
of QCD Q. 

• The 2T-gauge symmetry requires the potential V (H, H*, $) to be purely quartic, 
i.e. no mass terms are permitted. Then the emergent 3+1 theory cannot have mass 
terms for the scalars, and is automatically invariant under scale transformations. This 
makes the mass generation with the Higgs mechanism less straightforward since the 
tachyonic mass term is not allowed. However by taking the Higgs potential of the form 
V ($, H) = j [H^H — a 2< l )2 ) 2 we obtain the breaking of the electroweak symmetry by 
the Higgs doublet (H) driven by the vacuum expectation value of the dilaton ($), thus 
relating the the two phase transitions to each other. In this way the 4+2 formulation 
of the Standard Model provides an appealing deeper physical basis for mass 2 . 

Having established that 2T physics field theory introduces new phenomenologically rele- 
vant constraints, it would be of great interest to find out whether the SUSY version is also 
constrained in phenomenologically significant ways. This is especially relevant in view of 
the upcoming experimental activities at the LHC starting in 2008. It would be interesting 
to formulate experimental signatures that could distinguish 2T-physics versions of SUSY 
from others, due to some extra constraints rooted in the structures of 4 + 2 dimensions. 
The first step towards this goal is the formulation of SUSY in 2T-physics field theory which 

Peccei-Quinn symmetry in eliminating the topological term. But one must realize that the 2T gauge 
symmetry is introduced for other more fundamental reasons and also it is not a global symmetry. Hence, 
unlike the Peccei-Quinn symmetry it does not lead to an axion. 
2 As argued in [13[ , the dilaton driven electroweak phase transition makes a lot more sense conceptually than 
the usual approach in which the electroweak phase transition is an isolated phenomenon. This is because 
the Higgs vacuum expectation value fills all space everywhere in the universe. This is a hard concept 
to swallow without relating it to the evolution of the universe, which then requires the participation of 
gravity. In the 2T-physics version of the SM, the Higgs (H) has to be driven by the dilaton ($) which 
is a member of the gravity multiplet, so an essential part of the physics of the Standard Model becomes 
intimately related to the physics of gravity and all of its other consequences. In particular a relation 
is established to other phase transitions that are expected to be dilaton driven in the evolution of the 
universe, such as the vacuum selection process in string theory, and perhaps even to inflation that is driven 
by a scalar held which could be the dilaton. 
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we present in this paper. We will establish the transformation rules for 2T-physics N = 1 
SUSY in 4 + 2 dimensions, which are different than a straightforward higher dimensional 
SUSY, and will build the general SUSY Lagrangian for fields with spins 0, ~, 1, with any 
Yang-Mills gauge group G, and with any representations. 

The plan of the paper is as follows. Section (JTTJ) gives a quick outline of the paper for the 
reader who is interested in seeing the results without the technical details. So, in section 
(JTTJ) we give a summary of our results for the general N — 1 supersymmetric action for a 
coupled system of spin 0, |, 1 fields. We give the SUSY transformation laws that have many 
new features and derive the conserved SUSY current for the fully interacting system. These 
fields are arranged into N = 1 chiral and vector multiplets of SUSY in 4 + 2 dimensions, 
consistent with the gauge symmetries of 2T-physics, and with the gauge symmetries of 
a Yang-Mills group. In section fllllj) . we deal with the chiral multiplet by itself, discuss 
the SUSY symmetry in detail and derive the conserved SUSY current. In section (1IVI) . we 
discuss the vector multiplet by itself in detail. In section (jV]), we couple chiral multiplets with 
vector multiplets and find the unique action, supersymmetry transformation, and conserved 
current, justifying the outline in section (JTTJ) . Finally in section ( 1VII) we conclude with some 
comments and point out future directions. 

In Appendix ((A|) we provide technical details on gamma matrices for SO(4, 2). In Ap- 
pendix ([B]) we derive some Fierz identities that are used in the proof of SUSY including 
interactions. In Appendix Q we discuss the closure of the SUSY algebra into the super- 
group SU(2,2|1) when the fields are on-shell, and into a larger algebra when the fields are 
off-shell. 

II. N=l SUSY IN 2T-PHYSICS AND SUMMARY OF RESULTS 

In this section we will provide a summary of our results. In the following sections, we 
will show how each piece in the action and the SUSY transformations arise step by step. 

To some extent the well known 3 + 1 SUSY structures are a guide toward the 4 + 2 SUSY 
structures, since after all the 3 + 1 chiral supermultiplet and vector supermultiplet should 
emerge as the end result of the 2T-physics gauge fixing. Therefore, the spin 0, |, 1 fields are 
members of the chiral and vector supermultiplets in the 4 + 2 2T-physics SUSY theory. 

The chiral supermultiplet (<p, x/jl, F) i in 4 + 2 dimensions contains a set of SO(4, 2) scalars 
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(Pi (X) , left handed spinors ipiLa (X) in the 4 representation of SU(2, 2) =SO(4, 2) , labeled 
with a = 1,2,3,4, and auxiliary complex scalar fields Fi(X), all labeled by an internal 
symmetry index i = 1, 2, 3, • • • of a gauge symmetry group G. The internal symmetry index 
i is used here generically to denote any collection of several irreducible representations of G. 

The vector supermultiplet (A M , X L , B) a contains fields that carry S0(4, 2) spacetime 
indices required by their spin. Thus the spin-1 A a M (X) is the Yang-Mills gauge field, the 
spin-g X^l PO i s ^e gaugino and the spin-0 B a (X) is the auxiliary field 3 . They are all 
labeled by a which belongs to the adjoint representation of the gauge symmetry group G. 

The SUSY transformations of the chiral and vector multiplets that leave the action in- 
variant will be discussed below after we make some remarks about the significance of various 
terms in the action (I2.3p . To simplify our notation we will suppress the group G indices i, a 
in parts of the discussion in this paper and make it explicit when it is necessary for clarity. 

A. Lagrangian 

In what follows, we use mostly left-handed spinors, but also find it convenient at times to 
use right handed spinors as the charge conjugates of left handed ones. The left handed spinor 
ipLa (X) , in the 4 representation of SU(2,2) , is labeled with a = 1,2,3,4 while the right 
handed spinor ip R6 , (X) , in the 4 representation of SU(2, 2) , is labeled with a — 1, 2, 3, 4. One 
may also construct an 8-component spinor of SO (4, 2) with a Majorana condition such that 
ipi together with ip R make up the 8 components oi ip = (jj^J and because of the Majorana 
condition, ip R and ipL are related to each other. One could rewrite all right-handed spinors 
as left-handed ones by charge conjugation which is given by 

^ = CTl = Crf (fa)*, or ^=-(^) T C. (2.1) 

Using these definitions we can also write the following relations that are equivalent to 

^l = -CJb F , ot^=(iIj l ) t C. (2.2) 

Our SO(4, 2) gamma matrix notation in the Weyl basis, which includes explicit forms of 
the antisymmetric charge conjugation matrix C = T\ x cr 2 , and the symmetric SU(2, 2) 

3 The auxiliary field is usually called the D-term in 3 + 1 SUSY, but we use here the letter B to avoid 
confusion with the symbol for covariant derivative D. 
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metric rj = —%T\ x 1 used to construct the contravariant = (i^L^ v) = C0z,)a V^i are 
explained in detail in Appendix fjA|) . 

To satisfy the gauge symmetries of 2T-physics discussed in [l3(, each one of the spin 
0, |, 1 fields can occur only in the form of the Lagrangian of Eq. fll.il) . On this structure we 
now impose SUSY whose details are described in the following sections. It turns out that 
the general theory of the N = 1 chiral multiplet coupled to the N = 1 vector multiplet gets 
organized as follows 

L i-'chiTal ^vector ^int ^dilaton (2-3) 

The vector multiplet (Am, \l, B) a with its self interactions is described by 

Kector = 5 (X 2 ) ^--Jl IN F™ N + l - ^XTXDX aL + X~ L a DX\ aL ] + \B a B a ^ (2.4) 

The chiral multiplet (ip,ipL, F) i3 with its self interactions are described by 

. -D M ^D M Vi + | felDfe + tfTDXfa) + F^Ft . 
$ ( X ) ( r V , i 1 \ (2.5) 

V ' « dW TP i„L (nv\j, d 2 W ■ 1 



■'chiral 



+ 



al-Fi-^iL (CX)^ jL 



+ h.c. 



+ 2 6' (X 2 ) 



Some of the interactions of the chiral multiplet with the gauge multiplet already appear 
through the gauge covariant derivatives D M ipi and D M ij)iL. Additional interactions of the 
vector and chiral multiplets occur also through the auxiliary fields B a and the gaugino \ a L 
as follows 

L mt = 5 (X 2 ) jcV< (Q/ v 3 B a + p<p* (Q/ ^ jL f (CX) A^} + h.c. (2.6) 

where a, (3 will be uniquely determined by SUSY. Finally a sketchy description of the dilaton 
is given by 

( -\S (X 2 ) d M <&d M § + 5' (X 2 ) $ 2 + superpartners of $ 1 

Ldilaton — \ / (2-7) 

( +5(X 2 ){£ a B a <S> 2 + V(<l>, V )} J 

We note the following points on the structure of the Lagrangian 

(1) The W (<p) in L chira i is the holomorphic superpotential consisting of any combination 
of G-invariant cubic polynomials constructed from the ipi (and excludes the ip 1 ') 

W (ip) = y^ k (fi(pj(fk, y^ k = const ants compatible with G symmetry. (2.8) 
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The purely cubic form of W (<p) leads to a purely quartic potential energy for the scalars 
after the auxiliary fields Fi and B a are eliminated through their equations of motion. A 
purely quartic potential is required by the 2T gauge symmetry even without SUSY. 

(2) The X in the Yukawa couplings (tfj lL ) T (CX) or (3 ( V H a ^ L f (CX) X aL 
is consistent with the SU(2, 2)=SO(4, 2) group theory property (4 x 4) m(issmmc(ric = 6: 
namely, two left handed fermions must be coupled to the vector X M to give an SO (4, 2) 
invariant. The X insertion is also required for the 2T-gauge invariance of the Yukawa 
couplings, as discussed in jl^ . 

(3) SUSY requires that the dimensionless constants a,/3 are all determined in terms of 
the gauge coupling constants g for each subgroup in G as follows 4 



a 



9,(3= ^2g, (2.9) 



The only parameters that are not fixed by the symmetries are the Yang-Mills coupling 
constants g, and the Yukawa couplings which are restricted by invariance under G- 
symmetry, namely 

dW 

8£<«.H = <>. (2-10) 

(4) As in the non-supersymmetric case discussed in the previous section, in the SUSY 
2T-physics theory there is no way to write down a term in 4 + 2 dimensions that will reduce 
to the CP-violating term 9F llv F\ (J e^ l ' Xa that is possible in 3 + 1 dimensions in the context 
of purely lT-physics. The absence of this CP-violating term is of crucial importance in the 
axionless resolution of the strong CP violation problem of QCD suggested in [13], and which 
generalizes to the supersymmetric case in this paper. 

(5) Now we turn to the dilaton term LdUaton- As mentioned above, the superpotential 
W (if) is restricted by supersymmetry to be purely cubic in (p. So for driving the sponta- 
neous breakdown of the G symmetry the same way as in the non-supersymmetric case (as 
in footnote fl2D) 5 as well as for inducing soft supersymmetry breaking through the Fayet- 
Illiopoulos type of term £ a $> 2 B a , it would be desirable to couple the dilaton $ to the chiral 
and vector multiplets by having interactions of the form V ($, <p) and £ a 7^ for U(l) gauge 
subgroups. However, we have not yet included the superpartners of the dilaton because 



4 There is a separate gauge coupling g for each subgroup in G, so there are separate a, (5 proportional to 
the g for each such subgroup. 
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this is still under development in the 2T-physics context, so we are not yet in a position to 
discuss the SUSY constraints on the desired couplings. So in this paper we will not be able 
to comment in detail on the dilaton-driven electroweak or SUSY phase transition. However, 
we point out that in agreement with footnote ([2]) this is again a consistent message from 
2T-physics, namely that the physics of the Standard Model, in particular the electroweak 
phase transition that generates mass, is not decoupled from the physics of the gravitational 
interactions in a complete unified theory of all the forces. The full theory may be attained by 
further pursuing these hints provided by the 2T-physics formulation of the Standard Model. 



B. SUSY transformations 



We now summarize the properties of the SUSY transformations for the chiral and vector 
multiplets that leave invariant the action S = J d 6 xL based on the above Lagrangian. The 
supersymmetry transformation for the chiral multiplet is (in the following er = C~eZ T and 
~£r = {el) C, and similarly for Xr or ip R , as in Eqs.f l2.lll2.2p ) 



S e <fi 



S e tf> iL = i{D M i Pi ) (Y M e R )-iF i e L 
S £ Fi = el [XD - (X ■ D + 2)] ^ L - iV2g {eZX\ a R ) {t aV ) i 



(2.11) 

(2.12) 
(2.13) 
(2-14) 



The supersymmetry transformation for the vector multiplet is 



Mm 



--j=£lTmX\1 + X 2 



i73 £ l t mn {D N \ a L ) 



+ h.c. 



(2.15) 



SeXl = ^ F mn (T mn e l ) - ±f«s L 

OT = (elT^) F« MN - ^=~ L B 

5 £ B a = -^-=el [XD — (X ■ D + 2)] X a L + h.c. 
v2 



(2.16) 
(2.17) 
(2.18) 
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These SUSY transformations have some parallels to naive SUSY transformations that one 
may attempt to write down as a direct generalization from 3 + 1 to 4 + 2 dimensions. How- 
ever, there are many features that are completely different 5 . These include the insertions 
that involve X = X M T m or X = X m Tm, the terms proportional to X 2 , and the terms 
proportional to derivative terms involving (X • D + 2) . These are off-shell SUSY transfor- 
mations that include interactions and leave invariant the off-shell action. The free field limit 
of our transformations (i.e. W = and g — 0) taken on shell (i.e. terms proportional to 
X 2 and (X ■ D + 2) set to zero) agrees with previous work which was considered for on-shell 

n 

free fields without an action principle [16fl . 

Despite all of the changes compared to naive SUSY, this SUSY symmetry provides a 
representation of the supergroup SU(2,2|1). This is signaled by the fact that all terms are 
covariant under the bosonic subgroup SU(2,2) , while the complex fermionic parameter el 
and its conjugate e~l are in the 4,4* representations of SU(2,2), as would be expected for 
SU(2,2|1). 

The closure of these SUSY transformations is discussed in Appendix ([C]) in the case 
of the pure chiral multiplet (i.e. gauge coupling g = 0). The commutator of two SUSY 
transformations closes to the bosonic part SU(2,2) xU(l) C SU(2,2|1) when the fields are 
on-shell. More generally, when the fields are off-shell the closure includes also a U(l) out- 
side of SU(2,2|1) and a 2T-physics gauge transformation, both of which are also gauge 
symmetries of the action. 

When reduced to 3 + 1 dimensions by choosing a gauge as prescribed in footnote (E]), the 
SU(2,2|1) transformations give non-linear off-shell realization of superconformal symmetry 
in 3 + 1 dimensions. 

C. Conserved supercurrent 

The Lagrangian in Eq. (12.31) transforms into a total divergence under the SUSY trans- 
formations (in the absence of the dilaton). Applying Noether's theorem we compute the 

5 Once we notice the parallels, part of the structure can be understood from SU(2, 2) group theory. For 
example, consider the gamma matrix structures X, etc. sandwiched between fermions, which are absent 
in 3 + 1 dimensions. T^XtpiL is an SU(2, 2) scalar since and tpn, are both in the 4 representation of 
SU(2,2), and the product 4 x 4 = 6 + 10 shows that when we couple the 6 to the SO(4,2) =SU(2,2) 
vector X M through the gamma matrices, we obtain a scalar. 
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conserved SUSY current. The details are shown step by step in sections (IIIIHVj) . The result 



is 



J, 



M 



8(X*) 



+ ^T 2 FklXn (T kln T m - r) NM T« L ) X La 

(t a ^yx N r MN x La 



> . 



(2.19) 



where the first line comes from L 



chiral 



the second from L 



vector i 



and the third from L int . The 



Hermitian conjugate of Jf; can be written as the right-handed counterpart of the above 



tM 

j r 



C(Jff) T (see Appendix (TAJ) for Hermitian and charge conjugation properties) 



J 



m 



(2.20) 



d k (x N <p*) {t KN t M - v MN r K ) ^ + ^jX N T MN ^ R 
„ s {x 2 ) I +^ KL x N (t kln t m - v ™r KL ) x Ra 

Using the equations of motion that follow from the action (12.31) we can verify that this SUSY 
current is conserved 

d M J™ (X) = OmJr 4 (X) = 0. (2.21) 

The conservation of the current amounts also to a proof of SUSY for the theory of Eq. (12. 3p 
that supplies the equations of motion. 

In the rest of the paper we provide the details of the theory summarized above. 



III. CHIRAL SUPERMULTIPLET IN 2T-PHYSICS 

The chiral multiplet (tp,ipL, F) i is defined in terms of left handed spinors. As noted in 
Eqs. (12. 1112.21) . right handed spinors ipR are treated as the charge conjugates of left handed 
spinors. Hence, for each i, there are only 4 independent complex fermionic components 
(ipLa)i- If one would like to introduce right handed independent fermions ippt, one may do 
so by introducing more (V'l), with different values of i since these are equivalent to the ipR 
under charge conjugation. It is evident that the formalism in the form ((p,ipL, F) i , with a 
range of values for i, includes all possible chiral supermultiplets (left or right) that may be 
needed in various applications. 
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A. Interacting Action for Chiral Supermultiplets 



Independent of SUSY, the free field part of the action is determined by the field theoretic 
formulation of 2T-physics given in [3] 



S = j d 6 X 5 (X 2 ) 
where X = X m Tm, d = T m 8m, etc. By using the hermiticity property 



(3.1) 



{uh L v M t N ■ ■ ■ r^ 2L ) 1 = (-r*) • ■ ■ (-r") (-f M ) ^ 



(3.2) 



which is explained in Eqs. flA27HA32p . it is easily verified that this action is Hermitian. 

The delta function 6 in the volume element d 6 X 5 (X 2 ) as well as the given structure 
of the kinetic terms are required by global SO(4, 2) =SU(2, 2) and local 2T-physics gauge 
symmetries fl3 |. The gauge symmetry is responsible for eliminating ghosts and thinning 
out the field degrees of freedom from 4 + 2 to 3 + 1 dimensions holographically without 
any residual Kaluza-Klein type excitations. It is also responsible for the unifying features 
of 2T-physics as a structure above lT-physics through various definitions of "time" in the 
embeddings of 3 + 1 dimensions in 4 + 2 dimensions (see Fig.l in l^). 

It will be convenient to rewrite the scalar part of the free action by doing an integration 
by parts so that it contains only first order derivatives. The result is 7 



S {<p,F)= / d e X 



5 (X 2 ) (-d M ^d M V + FtF) 
+2 5' (X 2 ) <p1<p 



(3.3) 



The term that contains 25' (X 2 ) with a specific coefficient, is an outcome of the 2T-physics 
gauge symmetry. Similarly, the fermion term is invariant under a separate 2T-physics gauge 
symmetry [l3]. It may also be integrated by parts. After using T M X = — XT AI + 2X M , and 



6 Some useful properties of the delta function include a ^ M $ (^ 2 ) = 2Xm5' (X 2 ), X ■ -J=^5 (X 2 ) = 
2X 2 5' (X 2 ) = -26 (X 2 ) , and d 2 S (X 2 ) = 2{d + 2)S' (X 2 ) + AX 2 S" (X 2 ) = 2 (d - 2) 5' (X 2 ) . Here 
8' (u) , 8" (u) are the derivatives of the delta function with respect to its argument u = X 2 . So we have 
used u8' (u) = —8 (u) and uS" (u) = —28' (u) as the properties of the delta function of a single variable 
u to arrive at the above expressions. These are to be understood in the sense of distributions under 
integration with smooth functions. 

7 An intermediate step in deriving Eq. (|3.3[) has the second term in the form J d 6 X8' (X 2 ^j X ■ d (<p (f) ■ This 
differs from the version in Eq. J3.3[) by a total derivative. 
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5' (X 2 ) XX = X 2 5' (X 2 ) = -5 (X 2 ) , it takes the form 

S (fa = i J d 6 X 5 (X 2 ) fa [Xd - (X • d + 2)] fa, (3.4) 

By using the relation Y MN Xm9n = Xd—X-d this may be rewritten further in the spin-orbit 
coupling form 

So (fa = -ij d 6 X 6 (X 2 ) fa yT mn L mn + 2 fa, (3.5) 
where L MN is the SO(4, 2) orbital angular momentum 

Lmn = —i {Xm9n — Xn<9m) • (3.6) 

The free field equations are derived by extremizing the action in Eq.f l3.ll) or f l3.3H3.5p 
while treating carefully the delta function as in footnote ©. The result is Q 

(<9V) X2=0 = 0, [(X -d+lH x2=0 = 0, (F) x2=0 = 0, (3.7) 
(Xdfa) x2=0 = 0, i(X-d + 2)fa] x2=0 = 0, (3.8) 

plus their complex conjugates. Accordingly, when the fields are on-shell, they are homo- 
geneous with a specific degree of homogeneity, namely under rescaling they give (p (tX) = 
t^ 1 ip(X) and ipi{tX) = t~ 2 ipL (X). However, when the fields are off shell they are not 
restricted to be homogeneous. We emphasize that our supersymmetry transformations 
given below are constructed off-shell without homogeneity restrictions on any of the fields 

With an appropriate holographic embedding of 3 + 1 dimensions in 4 + 2 dimensions 
as shown in the footnote 8 , the on-shell equations above are equivalent to free relativistic 



8 The "relativistic particle gauge" that provides one of the embeddings of 3+1 dimensions in 4+2 dimensions 
is given as follows. We choose a lightcone type basis in 4 + 2 dimensions so that the flat metric takes 
the form ds 2 = dX M dX N rj M N = -2dX+'dX-' + dX^dX"^, where r)^, with fi, v = 0,1,2,3 is the 
Minkowski metric and X are the lightcone coordinates for the extra space X 1 and 

time X° dimensions. Furthermore we choose the following parametrization X + = k, X~ = «A, X 1 * — 
kx^, which defines the emergent 3 + 1 dimensional spacetime a; M as embedded in 4 + 2. The inverse relation 
is k = X+', X = Y+r, = j^y. This provides one of the many possible embedding of 3 + 1 dimensions 
in 4 + 2 dimensions. In this paper we will mainly use the 3+1 spacetime embedding given above. This 
embedding, first discussed by Diracfl^], was useful to express the usual Standard Model of Particles and 
Forces as a gauge fixed form of 2T-physics [l3|. Therefore, the same 3 + 1 embedding will connect the 
supersymmetric Standard Model in 3 + 1 dimensions to the supersymmetric formulation of 2T physics in 
4 + 2 dimensions. In addition to the embedding described above there are many other embeddings of 3 + 1 
in 4 + 2. Such embeddings corresponds to Sp(2, R) gauge choices in the underlying 2T-physics worldline 



theory and lead to a variety of lT-physics dynamical systems as summarized in Fig.l of ref. 13 1. 
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massless fields in 3 + 1 dimensions [11 

The general interaction among chiral supermultiplets, which we will show to be super- 
symmetric directly in 4 + 2 dimensions is given by 



(3.9) 



where W (<^) is any cubic superpotential constructed from the scalars tpn, i — 1, 2, 3, • • • , 
with any desired internal symmetry group G. 

The structure of Si nt is similar to the SUSY formalism in 3 + 1 dimensions, except 
for the fact that the Yukawa coupling in 4 + 2 dimensions involves the factor X in the 
expression (ipR^X (^i)j = (V ; ia)j (CX) a/3 (if)i,p),. Taking into account that (CX) a/3 is 
antisymmetric in (a <-> /3) , and that the fermions anticommute, this factor is symmetric 
under the interchange of i and j and is consistent with the symmetric g^ 2 ^ 

As in 3 + 1 dimensions, the auxiliary fields Fj can be solved from the equations of motion 

F ft = ~ = Pi = - (^) * = -3y^V*, (3-10) 

and inserted back into the action, so that Si 0fa ; = Sq + 5^ can be expressed only in terms 
of the dynamical fields (<p, ^l), in 4 + 2 dimensions. The effective scalar potential energy 



"F-term" in the supersymmetric 4 + 2 action is then Vp (<p, 



dW 



2 



just like 3 + 1 



dipt 

dimensions. However, to discuss the SUSY properties of the action, it is more convenient 
to keep the Fi off-shell in the actions So, Sint as written above. We will see that unlike 
3 + 1 dimensions, Sq, Si n t are not separately supersymmetric in 4 + 2 dimensions, but after 
reducing the theory to 3 + 1 dimension, the mixing term will drop and the 4 + 2 dimensional 
supersymmetry will reduce to ordinary 3+1 superconformal symmetry. 

Renormalizability of 2T-physics field theory in 4 + 2 dimensions is determined by the 
renormalizability of the equivalent IT field theory in 3 + 1 dimensions in the 2T-physics 
gauge described in footnote (jHJ). Hence renormalizability restricts W to be at the most 
cubic in 3 + 1 as well as 4 + 2 dimensions. Furthermore, the 2T-physics gauge symmetries 
discussed in [13J require that So + Si nt cannot have any dimensionful couplings or mass terms 
in 4 + 2 dimensions. Hence Vp (f,^) = f^- 
cubic, which is also what is required by supersymmetry. 



2 

must be purely quartic, or W must be purely 



As in the case of the non-supersymmetric Standard Model discussed in [13|, this cubic 



restriction on W will require that we include a supermultiplet that includes the dilaton $ 
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as part of the fields in our theory so that we can generalize to W(ip,<&). This would be 
used to drive the spontaneous breakdown of the electroweak SU(2) xU(l) gauge symmetry, 
as demanded by phenomenology. This point is elaborated in more detail in the comments 
following Eq.flOP. 

B. Supersymmetry Transformations 

SUSY transformations in 2T-physics in 4 + 2 dimensions with N supersymmetries were 
formulated for the 2T superparticle on the worldline These form the supergroup 

SU(2,2|iV) as the global symmetry of the superparticle, and therefore this is the super- 
symmetry in the field theory version in 4 + 2 dimensions. Here we concentrate on N = 1 
supersymmetry with the supergroup SU(2, 2|1) . The fermionic parameter el is a left-handed 
spinor (just like ipl) in the 4 representation of SU(2, 2). We also note the right-handed charge 
conjugate Er = Ce~I t which is not independent of el (just like i/jr), and classified as the 4 
of SU(2,2). 

We introduce the SUSY transformations of the chiral multiplet ((p,ipL, F), off-shell 

6 e(Pi = Er-X^l - ^X 2 eH(B^ iL + U^) + Sin (3.11) 
Se^iL = i (dipt) e r - iFiE L (3.12) 
8 £ Fi = El[Xd-(X-d + 2)] ip iL + SlFi (3. 13) 

The additional pieces Sl<fi,8lFi (given in Eq. fl2.11|2.14l) and explained in section (jVj) ) are 
proportional to the gauge coupling constants g and are needed when vector supermultiplets 
are coupled to chiral supermultiplets. In this section we assume the chiral supermultiplets 
on their own, so we will take Sl<Pi\ g=0 = $lFi\ g=0 = 0. In the absence of interactions among 
the chiral multiplets the coefficient Ujj is also absent, but with interactions we will see that 
Ujj must satisfy Ujj = d ^i^*^ = 3!?/j* fe ^ fc where W (</?) will turn out to be the superpotential 
of Eq. fl2.8l2.10p . The last line may be rewritten as 5 e Fi = -el (±T MN L MN + 2) ip iL + 5 l e Fi 
as in Eqs. fl3.403.5D . 

There are some parallels and some differences between these 4 + 2 SUSY transformations 
and the familiar ones in 3 + 1 dimensions. In particular, the terms proportional to X 2 and 
(X ■ d + 2) in 5 e ifi and 5 £ Fi respectively have no parallels in 3 + 1 dimensions, as noted 
following Eq. fl2~T8l . 
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The transformation of the Hermitian conjugate fields (99*, F*) is derived from above 
by using the hermiticity properties of gamma matrices given in Eqs.( IA27llA32p 



5 £ ^ 1 = ^ L l Xe R - hi 1 (V V - IPHr) e R + 5l<p* 



LF^ 



-i>i 



dX - ( d ■ X + 2 



(3.14) 

(3.15) 
(3.16) 



The transformation of the charge conjugate fields (ip* ,ipR, F*) % , in terms of ip R instead of 
ipL 1 are obtained by using the properties given in Eqs.( lA42"llA47l) 



5 e <p* = elX^ R - -X 2 sZ {d^R + U l ^ lL ) + Sty* 

8 E iP R = -1 (dtp*) e L + iF^er 

6 e F* = ^{Xd-(X-d + 2)) + 5lF^ 



(3.17) 

(3.18) 
(3.19) 



The last line may be rewritten as 5 £ F^ = -e£ (±-T mn L M n + 2)ip R + 5]F^ . 

We will first show that the free action Sq is invariant off-shell in the absence of interactions 
provided the matrix U, ift is dropped in the transformation rules ( 13.llH3.19j) . When Si nt is 
included we will show that, unlike SUSY in 3 + 1 dimensions, So, S,i nt cannot be made 
separately invariant. However, by including the U, W terms in the transformation rules 



( 13~T113TT9|) . the total action £ 



chiral 
tot 



So + Si n t will be invariant off- shell in 4 + 2 dimensions. 



We begin with the free action in the form of Eqs. (l3.3H3.5l) . Its variation is 



5 £ S 



<FX 



-5 (X 2 ) d M ^d M (6 £ <p) + 25' (X 2 ) tp%tp 
+5 (X 2 ) {1 [8 e J£) [Xd-(X-d + 2)] tpL + Ft (5 £ F)} 



+ h.c. (3.20) 



Inserting the SUSY transformation given above we get 



5 e S 



<FX 



-5 (X 2 ) d M ^d M [eR-Xtlj L - \X 2 e^{d^ lL + U*ip R 
+25' (X 2 ) [e^X^ L - \X 2 e^{d^ L + U*if> R )] 
+i5 (X 2 ) (m (V) + ielFt) [Xd-(X-d+ 2)] i/j L 
+5 (X 2 ) F^el [Xd-(X-d+ 2)] t/j L 



+ h.c. (3.21) 



In the first two lines, after using the properties X 2 <5 (X 2 ) = and X 2 <5' (X 2 ) = —5 (X 2 ) , 
the terms containing X 2 simplify to 5 (X 2 ) (X ■ d + 1) ^^(BtpiL + U*jip R ). In the last two 
lines, the terms proportional to F^El cancel each other. The surviving terms from all lines 
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take the form of a total divergence plus a term proportional to U, W as follows 

r „ \ 9 m \s (x 2 ) v Q M ] ) 

5 e S = <fX I ^+^ = (3.22) 

i \ +5 (X 2 ) [(X • 9 + 1) <p*\ U*^ R ) J 

Hence, in the free theory, by dropping the U, W terms in the transformations laws, and 
dropping the total divergence with proper boundary conditions, we have demonstrated that 
we have a supersymmetric action 6 £ S = 0. Here V M is given by (see footnote 9 ) 



v m_- 1 -Wl + f-(I.a + l),f 

= eR {f A V fi + f MNK X N d K ^} ipiL (3.24) 

Now using the generalized Noether's theorem we obtain the part of the conserved current 
(■Jr) coming from the free action So 



eE(jM) n + h.c.= \ «^ -a[a M ^) \ +hc (3 25) 

\+^ e F - 5{X*)V- ) 

where the last term is obtained from the total divergence in Eq. (13.221) . For consistency of 
this computation we must use again the form of the action in Eqs.f l3.3H3.5p . Noting that 



9 The various terms in Eq. ()3.24p contribute to the various terms in Eq. (|3.21|) as follows. The subscripts in 
{•■•}_ denote terms that should be combined together for the same n 

d M [-5 (X 2 ) (c>V) SjWz] - {S {X 2 ) d M ^d M {skW^l)}, + {-26' (X 2 ) (X ■ V) e*A^} a 

+ {S(X 2 ) (9V)Wl} 6 

d M [5(X 2 )eltf M ((X -d + l)^)M = {6' (X 2 ) 2 (X ■ d + 1) ^A^l } 2 + {6 (X 2 ) [{X ■ d + 1) <p*] er^l} 4 

+ {5 (X 2 ) e^((X-d + 2) CcV)) ^l} 7 

d M [-8 (X 2 ) en (W Af M ) M = {S (X 2 ) [(55 (jty) pC0) ^] } 3 + {5 (X 2 ) (wr (^V) A) M 6 

+ {-26 (X 2 ) (eE{(X-d+ 2)W)) 4>l} 7 

d M [6 (X 2 ) X M eR, (W) M = {6 (X 2 ) [g« (W) {{X-8 + 2) i, L )] } 5 + {6 (X 2 ) eR[(X-d + 2) W] <M 7 
The sum of these terms give the 5 £ Sq in Eq. (|3.21[) after cancelling the F*£~Z terms as follows 



8 F Sn = / d 6 X 



{-S(X 2 ) cW_d M (OTl)}! +^25' (X 2 ) ^eH/X^ L } 2 
{5 (X 2 ) (X-d+1) ^WrMl} 4 - 6 (X 2 ) gfl^t [{ / xp} 3 _ { (x • d + 2)} 5 ] i> h 



- h.c. 
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dL 



8L 



— , — , a TT = 0, only the first and last terms contribute. This gives the current which 

d{d M tpL) 9(d M F) ' to 

we write in several equivalent forms 



B5 (J^o = 6 ( X2 ) 25 [^^f M - X M (5^t) _ (X ■ 9 + 1) ^] ^ L 
= 5 (X 2 ) ^ [-f MPQ X P 9 Q ^t _ 9 m (x,pt)] fa 

= 6 (x 2 ) en (rQ p r M - v MP rQ) fa d Q (x P ^) 



8 (X 2 ) en 



(3.26) 
(3.27) 
(3.28) 

(3.29) 



One can check explicitly that this current is conserved when we use the equations of motion 
for the free action. 

Now we turn to the interaction term Sint in Eq. (13.91) and investigate its transformation 
properties under SUSY for any W. Inserting the transformation rules above we get after 
some simplifications 

f dKe I [x5-(X-d + 2)]^ L . \ 

-wS^M^eir^Xifa^ 

d 3 W 



8 £ S mt = J (fX 5 (X 2 ) 



^ - (± (fa t y cxfa 3 ) \{e L y cxfa k j j 



+ h.c. 



(3.30) 

One of the crucial observations here is the gamma matrix identities for SU(2, 2) =SO(4, 2) 

~ (T MN )f Fmn) 7 5 = ±8 a %' - 8 a %?. (3.31) 



Using this identity, and the fact that CX is an antisymmetric matrix, we see that the 



d 3 W 



diptdipjdipk 



term drops out due to a Fierz identity proven in Appendix (JB]). Then 8 £ Si nt takes 



the form of a total divergence plus a term proportional to §^,fpj, as follows 



8 £ S, 



spirit 



d b X 



d M [6 (X 2 ) V X M ] 
-8(X 2 ) ^eH(X-d + 2)^ R ) 



+ h.c. 



where 



M 



dW* 



dip* 



-en (T M X) fa. 



(3.32) 



(3.33) 



So, in the presence of the U, U* terms in the transformation laws, neither So, nor Si n t on 
their own are invariant. However, the terms proportional to U, W in Eq. fl3.22p combine 
to a total divergence with the terms proportional to c ' u " u 
d M [8 (X 2 ) V 2 M + h.c] , with 



M 



X 



M 



dW* 

dip** 



9 W 'S^ in Eq.(|3.32j), in the form 

(3.34) 
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provided 

d 2 W + d 2 W* 

and 

+ dW* 

V<* = V ^ = (3.36) 
These conditions require W (if) to be purely cubic, but otherwise arbitrary, function in the 
scalar fields ipi. Thus only in the case of a cubic superpotential 

W(<p)=y ijk <p i <p j <p k , (3.37) 

with arbitrary dimensionless constants y ljk which should be made compatible with other 
desired symmetries, we get a total divergence for the SUSY variation of the total action by 
putting together Eqs. (13. 24113. 33f3.34p 

^chrral = J ^ % ^ ^ ^2) (yM + yM + yM^ + ^ (333) 

which implies that the total action is supersymmetric 5 e (So + Si nt ) = off-shell. 

The fact that the superpotential W (if) is purely cubic, and therefore the F-term of the 
potential Vp = \dW/d(pi\ 2 is purely quartic, is in agreement with what we should have 
expected on the basis of the 2T-gauge symmetry, even without super symmetry, as discussed 



m 



12|[13]. However, it is interesting that by demanding supersymmetry we also arrive 
independently at the same conclusion that only purely quartic interactions are admitted in 
the field theoretic formulation of 2T-physic in 4 + 2 dimensions. This automatically implies 
a renormalizable field theory as easily seen from the perspective of 3 + 1 dimensions. 

Since the total divergence is not trivial, the conserved current gets contributions from 
both So and Si nt) and is given by 

_ = _ [(j M )o _ g (x2) { yM + yM^ (3 39) 

where £r \Jr) is given in Eq. (13.261) . Hence the supercurrent is 

(j*)*** = 6 (x 2 ) { (f^r M - v MP f^ ^ d Q (Xptp*) + ^x N r MN ^ j R } (3.40) 

By using the equations of motion for the self interacting chiral multiplets that follow from 
(So + S int ) , one can verify that the full SUSY current constructed above is conserved 

9m (Jn) total = 0. (3.41) 
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IV. VECTOR SUPERMULTIPLET IN 2T-PHYSICS 



We now turn to the vector supermultiplet (Am, Xl, B) a in the adjoint representation of 
the Yang-Mills gauge group G, and at first examine it by itself without coupling it to the 
chiral supermultiplet. 

We begin with an action of the following form suggested by 2T-physics field theory for 



any Yang-Mills type gauge theory in 4 + 2 dimensions 



13| 



1 pa rpMN I 1 pa o 

+ 2 Xl XDX a L + Xl DXX a L 
This action is invariant under 2T-physics gauge symmetries, and has just the right structure 
to get reduced to a gauge theory in 3 + 1 dimensions when gauge fixed as described in 
footnote (jSJ), without any Kaluza-Klein leftovers. In this form B a could be integrated out 
and set equal to zero through its equations of motion. But after coupling to the chiral 
multiplet, integrating out the auxiliary field B a in the interacting theory will give rise to the 
so called D-term which is a ip 4 interaction for the scalar fields in the chiral multiplet. 
We now propose the following supersymmetry transformations in 4 + 2 dimensions 



Ma, = {-2belT M XX a L + bX 2 eZT MN D N X a L + 8 l A a M } + h.c. (4.2) 

5 £ Xl = ib*F MN (T MN e L ) - ia*B a e L (4.3) 

<OT = ib (elT MN ) F MN + laelB (4.4) 

5 £ B a = ael [XD - (X ■ D + 2)] A£ + h.c. (4.5) 

Here a and b are complex numbers whose values remain arbitrary until they are fixed later 
when we include interaction with chiral multiplets (see (15.161) ). Also, 5 l A a M as given in 
Eq. (12.151) is an additional piece that arises only when chiral multiplets are coupled to vector 
multiplets and is determined later in Eq. (15.231) for the coupled theory. When vector super- 
multiplets are considered in isolation, as in this section, the extra term vanishes (5 1 A a M ) — > 0, 
however we will include it in part of the computation for later use. 

The transformation of the gaugino X a L is similar to ordinary supersymmetry transforma- 
tion in 3 + 1 dimension while the transformation of the auxiliary field B a is similar to the 
transformation law of F in the chiral multiplet except that here B a is Hermitian. The first 
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term in the transformation of A a M also resembles the one in 3 + 1 dimension except that 
there is a X inserted between and X a L which breaks translation symmetry in 4 + 2 dimen- 
sion. This insertion is required by the 2T physics structures, and has just the correct form 
such that the SUSY transformations in 4 + 2 dimensions reduce to ordinary superconformal 
transformations in 3 + 1 dimension when one fixes the 2T gauge symmetry as described in 
footnote ©. 

Transformation of the action is 



6 £ L = 5(X 2 )B a (5 £ B a ) - 5(X 2 )F^D M (6 £ A a Nj 



S £ X L 



[XD + 



DX) X 



uL 



+ h.c. 



+ t5(X 2 )f abc (5 £ A a M )X L r M »X c L X_ 



N 



(4.6) 
(4.7) 
(4.8) 



The last term i5(X 2 )f abc (5 £ A a M ) \ L T MN X C L X N vanishes by itself, partly due to X 2 5 (X 2 ) = 
and partly because of the non-trivial Fierz rearrangement identity proven in Appendix ([B]) 
that follows from of Eq.( l3.31|) . The first term in line (14.61) proportional to (5 £ B a ) which we 
define as (S £ L) 1 gives 



(5 £ L) l = a5{X 2 )Bel [XD - (X ■ D + 2)] X L + h.c. (4.9) 

In the second term in line (14. 6 p proportional to 5 £ A a Nl which we define as {S £ L) 2 , we first 
collect a total derivative (suppressing the adjoint index a for less clutter) 



-d M {6(X 2 )F MN 6 £ A N } 
-5{X 2 ) (D M F MN ) (5 £ A N ) + 6'(X 2 )2X M F MN (6 £ A N ) 



and then insert 5 £ A a N in the remainder. After using X 2 5(X 2 ) = and X 2 S'(X 2 ) 
we obtain 



(4.10) 
-6(X 2 ), 



d M {-6(X 2 )F MN 6 £ A N } 
-2b5(X 2 ) {D M F MN ) [eir N XX a L + h.c] 
5{X 2 ) {eZV NP D p X L ) 
+25\X 2 )eZYNpX a L X p 



-2b (X M F MN ) 



+ h.c 



> . 



+5'(X 2 )2X N F NM {8 1 A a 



M) 



(4.11) 
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Note that since is proportional to X 2 it survives only when multiplied by S'(X 2 ). 

This term will be dropped in this section since it is present only when there is coupling to 
chiral multiplets; it will be taken into account later in Eq. (15.221) . 

The term in line ( 14. 7p proportional to 5 s \l which we define as {S S L) 3 takes the form 



(5 £ L) 3 = -^5(X 2 )[bsI (T MN F MN ) + aeZB)(XD\ L + DXX L ) + h.c. 



(4.12) 



We do an integration by parts to change the covariant derivative hitting on Al to covariant 
derivative hitting on F MN and change the covariant derivative hitting on B to covariant 
derivative hitting on A^, and in this process collect a total divergence 







\a5(X 2 )BeZY M XX L 



Al 



-\b5{X 2 )- L (T NP F NP ) XT M X L 
(5 £ L) 3 ={ -5{X 2 )aBeZ[XD-{X-D + 2)]\ L \ + h.c (4.13) 
-5{X 2 )beZ (T MN F MN ) V pq*D p X q \ l 
+2b5(X 2 )eI (T MN F MN ) \ L 
This is further developed with some gamma matrix algebra 

Fmn^pq = Tmnpq + {vnp^mq — Vmp^nq + VmqFnp — Vnq^mp} + \VnpVmq — VmpVnq} 

(4.14) 

and simplifications due to the Bianchi identity Tmnpq 

Combining all the terms we find a total divergence after cancellations 



0U)i + (S £ L) 2 + (5 £ L) 3 = d M S(X 2 ) (eZV™ + eWp) 



, vector 



(4.15) 



where BiYjf i s 



(elV M ) 



vector 



-F MN (6^A N ) - \aBelV M X\ L 
-\bF p QeZY PQ Xt M X L + 2b (X«F QP ) elY MP X L 



(4.16) 



and similarly for ^rV^ 1 (obtained by replacing left<->right) which is the Hermitian conjugate 
of ~£lVl I (verified via the formulas in Appendix (fAl ) 

Hence we have shown that the Lagrangian ( 14.11) is symmetric under the given SUSY 
transformations for any complex numbers a and b. This means that in the transformation 
rules ( I4.2H4.5I) we can replace ae^ by an an independent SUSY parameter than the bs^, so 
that the SUSY symmetry of the Lagrangian (14.11) is actually twice as large. However, we 
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will see that we will have to fix a and b relative to each other when there is interaction with 
chiral multiplets (see Eg. (I5.16j )) . 

Noether's theorem for the theory with only vector supermultiplets in Eq. fl4.ip gives the 
following supercurrent 

and similarly for (£RJpf) Vector '. The part q^^ An ^ (<W^aO = —F MN (S^A^) cancels against 
an equal term in eTV^ ctor of Eq.flUS]). The part (<Ul) Q ^-^ = 5{X 2 ) (5 s Tl) (^V m XX l ) 
gives 

(OI) = 5(X 2 ) ^-\bF PQ eZY PQ V M X\ L - \bs&*X\ l } . (4.18) 

The piece proportional to a cancels against an equal term in ElVJ^^.. After these simplifi- 
cations we are left with the following terms proportional only to be~Z 

{- L JlT ctor = *(* a ) {-\wpq ^ tPQ ( rM ^ - xfM ) ^ L ~ 2b ( xQf qp) ^ mp \ l } 

(4.19) 

By using gamma matrix identities (14.141) and (1A2HA6[) it is convenient to bring this to the 
following alternative forms 

{- L JiT Ct ° r = bS(X 2 )F PQ X N el {T P ^ NM + 2 n UP T e >T N ) X L (4.20) 
= b5(X 2 )F PQ X N el (T PQN T M - V NM T PQ + 2 V MP V NQ ) X L . (4.21) 

The form in the last line makes it easy to check that this current is conserved 
9m (eTJif) vector = as follows. After using some of the equations of motion, in partic- 
ular X N F MN = and 10 (X ■ D + 2) \ L = plus the Bianchi identity D [M F PQ] = 0, the 
divergence of the current becomes proportional to the remaining equations of motion XD\ a L 
and D m F^q as follows 

9m {- L JtT Ct ° r = ^X 2 ) {F PQ eZT p QXD\ L + 2eZ^ N X L XN (D M F MQ ) } = sources . 

(4.22) 



From X N F£ IN = it follows that (X ■ D + 2) Fjfa N — 0. This is needed, along with the other equations 
to prove Eq. p~22"|) . 
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In the absence of coupling between the vector and chiral multiplets the sources in the 
equations of motion are 

XD\ a L = 0, D M F a MQ = gf abc (^TqpXI) X p . (4.23) 

Therefore we obtain 

d M (eZJ^) vector = 5(X 2 )2r bc X N X p elT^ N \l Y L T QP X C L = (4.24) 

where in the last step we have used the Fierz identity in footnote f|B2p which is valid only 
in special dimensions (in particular valid for SO(4, 2)). Hence, the pure vector-multiplet 
current is conserved by itself, Dm ^J^y ector = 0. The conservation of the current amounts 
also to a proof of SUSY for the theory of Eq. fl4.ip that supplies the equations of motion. 

The Hermit ian conjugate of this conserved current can be written as the right handed 
current (see Appendix (JSj) for Hermitian and charge conjugation properties of gamma ma- 
trices). 

(^4T Ct ° r = b*5(X 2 )X N F a PQ (f PQN Y M - V NM T PQ ) X a R , (4.25) 

Here we have dropped the term proportional to X^F MN since the current can be modified by 
terms proportional to the equations of motion, and one of them happens to be X^F MN = 0. 
The corresponding term should then be dropped also from 'sZJf^ in Eq. fl4.2ip . 

Although we do not discuss it in detail, it is worth mentioning that the cur- 
rents ( Jff , jMy ector are i nvar i an t under the 2T-gauge transformations 13] for the fields 
(A M , \ a R , B a ) and therefore they are gauge invariant physical observables from the point of 
view of all the gauge symmetries. 



V. SUPERSYMMETRIC 2T-PHYSICS WITH FIELDS OF SPINS 0,^,1 

The next step is to couple chiral supermultiplets (ip,ipL, F) i minimally to vector super- 
multiplets (Xl, Am, B) a to describe gauge interactions. This requires more than promoting 
the ordinary derivatives to covariant derivatives, namely more interaction terms also need 
to be added (the a, (3 terms) as in the full action in Eq. (I2.3ll2.6f) . Once SUSY is achieved we 
will calculate the full conserved supercurrent for the coupled theory. 

The full SUSY transformation rules for the chiral multiplet are the gauge-covariantized 
versions of those given in Eqs. fl3.im3.19p . but including also the non-zero extra terms 
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(Si F, Si if) which will be determined below in Eqs. fl5.6f5.24l) . Similarly, the SUSY trans- 
formation rules for the vector multiplet are those given in Eqs. fl2.15H4.5p but with the extra 
non-zero term Si A which is determined below in Eq. (15.231) . 

We will see that the parameters a,/3,a,b will be fully fixed (see Eq fl5.16l) ). Eventually 
when we construct supergravity in the 2T formalism, the dilaton and its partners will also 
contribute to the transformation rules and restrict the possible parameters such as £ and 
V ($,<£>) which appear in L di i aton . In this section the dilaton and its partners will be ne- 
glected, so we will assume the case with L di i aton set to zero. With all these points taken into 
account, the full SUSY transformation rules will be shown to be those given in Eqs. (12. 1 11 - 

Thus we consider the full Lagrangian of Eq. (12.31) . without a dilaton $ written in three 
pieces L = L vector + L chira i + L int . Here L vector is identical to Eq.fTCTD, L chira i is the gauge 
covariantized version of S + S int of Eqs. fl3.3|l3.4|3.9p . and L int is the expression given in 
Eq.f l2.6l) . The full SUSY variation of the parts L vector + L c hi ra i is almost identical to the vari- 
ations discussed in the previous sections for the uncoupled multiplets, except for replacing 
all derivatives by covariant derivatives in L c hi ra i, and taking into account extra terms that 
appear as follows 

1. Varying A M that occurs in the covariant derivatives, S e L chira i — > 9L ^ al (S £ A a M ). 

M 

2. The effect of the extra S l £ F term S £ L chiral ( 9L ^ al SlFi + h.c). 

3. New terms that arise in S £ L c hi ra i due to changing of orders of non-commuting covariant 

derivatives 11 . 

4. The effect of the extra Slip, Si A terms in the variation of S £ (L vector + L chira i). We leave 

these for last because they are both proportional to X 2 so they drop out in most terms 
due to the overall S (X 2 ) in the Lagrangian. They can contribute only through the 

11 The terms proportional to [Dm, Dn] ~ Fmn can be obtained by going over the computations in footnote 
^ and replacing covariant derivatives in all appropriate places. The terms that arise from commuting 
covariant derivatives has the form 6 (X 2 ) ([D M , D N ] <^) 1 [If MN X - f M X N ) ip u + h.c, where we 
replace [D^j, D^] (p^ — ig (ip^ Fmn) % ■ To obtain the expression in Eq. (|5.5[) we prefer to use the hermitian 
conjugate version of this expression — igS (X 2 ) (F^N^i [~ \XY MN — T M X N ~\ sr + h.c. where we 
have used Eqs. (|A32[) , and then use the Majorana properties of Eqs JA44IA46[) to rewrite it in the form 
-ig5 (X 2 ) (F MN <p) t el [±T MN X - T M X N ] ^ + h.c. 
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variation of the kinetic terms and through the terms in the action proportional to 
5' (X 2 ) . 



Hence, for 5 £ (L vector + L chira [) we can use the results of the previous sections plus the 
extra modifications listed above, and then add the full variation of the coupling term S £ Li nt . 
So, the computation is organized as follows 

5 £ L = d M [(slV L M + eW^Y Mral + + eW^) VeCt ° r ) (5-1) 

+ 4-^1+2+3 + 5 e L int + 5 £ Ll xtra (5.2) 

In the second line the subscripts indicate the variations that correspond to the items listed 
above. The first line is the total divergence results of Eqs. (13. 38114. 151) . where (yl I B ) vector 
are identical to Eq. fl47L6l) . while (V^ R ) ir is given in Eq. fl3.38p except for replacing all 
derivatives by covariant derivatives. 

The three items in 5 £ L^£5. 3 give the following contributions 

<Ui?2+3 = & (X 2 ) 9 (S E A a M ) [-i<pH a *D M <p + X^TW^l] (5.3) 
+ 5 (X 2 ) (SlF*) (f< + h-c. (5.4) 

+ i 9 -8 (X 2 ) {F MN ipX e L [-T MN X + 2Y M X N ] if> R + h.c. (5.5) 

It is evident that \5\F^ % j must be chosen to cancel terms proportional to F^ coming from 
varying the coupling term 5 e L int . The only new contribution proportional to Fj is the 
variation of if) in the coupling term 5 £ Li nt given explicitly below. As will be verified below, 
this fixes uniquely the extra piece in the SUSY transformation of Fi, F^ as 

(6 l £ FV)=if3(e T L (CX)\ aL )(<pk a y (5.6) 

Inserting this (f^i* 1 ^) and (5 £ A a M ) from Eq. (14.21) into 5 e £f+2+3 we obtain 

6 £ Lt%l 3 = -2bgS (X 2 ) { 1 _^ ^ n \ + h. c . (5.7) 

{ + (eZT MN X a L ) (if) L T PM t a ip L ) X N X P J 

+ S (X 2 ) ifi (e T L (CX) \ aL ) (jry U + ^Pj + h.c. (5.8) 
+ i±8 (X 2 ) e L (-T MN X + 2T M X N ) ^ {F MN <p) . + h.c. (5.9) 
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Next we compute 5 £ L int by varying Eq. fl2.6p 

[(<pH a <p)+£ a &] (5 £ B° 



5 r L 



spirit 



aS (X 2 ) 



+ (5 e (pH a (p) B a + h.c. 



fatf) r ({ip L y (cx) x 

+ (35(X 2 ) I +^t a ((6 £ ^ L f (CX) X c 



> + h.c. 



+ (SsKl) Xif) R t a <p 



(5.10) 



(5.11) 



We insert the (S £ X a L) in Eq. (14.41) and 5 £ ^\ 5 £ -ipn in Eqs. (l3.11l3.19p with gauge covariant 
derivatives replacing ordinary derivatives. After dropping the terms X 2 5 {X 2 ) = we obtain 



spirit 



+B*(ZZXll>id(ta<p) i 



(5.12) 



+ 135 (X 2 ) < 



(elX^ R t a Y (VS (CX) X aL ) 
-i (^t a D M <p) elT M XX aL 
-i (cpH^F^el (CX) X aL ) 
ibF« MN (elT MN X^ R ) (t aV >). 
+iaB a (WZXfa) {t a if) i 



> + h.c. 



(5.13) 



Note that the terms proportional to Fi, that appear in Eqs. (l5.8j ) and the third line of 
Eq. (15. 131) . cancel by the choice of (SlF^) of Eq. (15.61) as anticipated. To cancel some of the 
other terms in the sum 5 £ L e ^ r a a i + 5 £ L int we fix the unknown coefficients a, /3, a, b as follows 

• a = —i/3a, cancels terms proportional to B a that appear in the last lines of 
Eqs. fl5TT2ll5TT3l . 



(3b = |, cancels partially terms proportional to F^ IN that appear in Eqs. (l5. 9115. 131) . 
The leftover is 

ig8 (X 2 ) (e L Y M ^ R ) (F MNV ) l X N + h.c. (5.14) 

(3 = 4bg cancels partially terms proportional to (ipH a DM^>) that appear in 
Eqs. (l5T]l5TT3l . The leftover is -2ibg5 (X 2 ) (e^T mXX%) D M (v ] t a ^) which can be 
rewritten in the following form by using the gamma matrix identities TmX = 



30 



TmnX n + Xm 



2ibg5 (X 2 ) 



( D M (ipk a <p)[eET MN \ a L }X N ^ 

+ (5ZA" L ) [(X-D + 2) (<pU a <p)] 
\ "2 (elA£) (<^^) y 



(5.15) 



Furthermore, using the same Abg = (3, the charge conjugation property i/jr = CipL , 
and a Fierz identity, we cancel the terms of the form eXipipXX that appear in 

flSZKZED. 

• 2cra = 4ibg cancels the terms of the form (ipH a (p} i^Z\ a L ) that appear in the first line 
of Eq. fl5TT2l and the last line of Eq. fl5TT5|) 

From these conditions the unknown coefficients are completely fixed as a = ±2a/1/2, 
b = ±'y/l/8, a = ± ±' g, (3 = ±'y/2g. The ±, ±' signs can be absorbed by a redefinition of 
the signs of A, B wherever they appear in the Lagrangian and transformation rules. Therefore 
it is sufficiently general to choose one set of signs for these coefficients, thus we settle with 
the upper signs 



a = i—=, b 



1 



a 



9, P = V2g 



(5.16) 



y/2' 2V2' 

to agree with conventions in the case of 3 + 1 dimension. 

The remaining terms that have not canceled so far come from the first and second lines 
of Eq.( ( 15.121) . the first and second lines of Eq.( ( 15.151) . the remainder in Eq. (15.14l) and the 
term proportional to in Eq. (15.81) . These are collected below after inserting the constants 



above 



^{X 2 ) {(tpH a tp) [elY MN X M D N \l])+h.c 



N 



_ 1L§ (x 2 ) ( Dm ^ taV ^ \- £lV mnK\ x 

V2 \ + (elXl)[(X.D + 2)( v H aip )] 

+ igS (X 2 ) (e L T M ijf R ) (F MN ip) t X N + h.c. 
-^V2gS(Xl) ^- (el(CX) X aL ) + h.c. 



h.c. 



dW 



The last term vanishes because W* is gauge invariant, which requires (^t a ) -q^t 
Eq.(T2lOD. 



(5.17) 
(5.18) 

(5.19) 

(5.20) 
(5.21) 

as in 
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The remaining terms assemble into a total divergence plus terms that are proportional 
to the subset of equations of motion that imply homogeneity conditions on the fields 
[(X ■ D + 2) (ifH a ip)] and F MN X N . These would vanish by the (homogeneity) subset of 
equations of motion on mass shell. However, off-mass shell they can be canceled by addi- 
tional pieces 8].tpi , 8\ A M in the SUSY transformation of <p, A M , by taking S^ipi , 5\A a M to 
be proportional proportional to X 2 . These extra pieces generally drop out in most terms 
in the SUSY variation of the Lagrangian due to X 2 5 (X 2 ) = 0, but survive in some of 
the kinetic terms and the terms that contain 5' (X 2 ). The 8\<pi , &\A a M variation of the 
Lagrangian 5 £ (L vector + L chira[ ) are also proportional to the subset of equations of motion 
[(X ■ D + 2) (<pU a <p)] or F MN X N , as follows 

8 e Lf tra = 25' (X 2 ) {X N F? M ) 5 l E A a M + 25' (X 2 ) [(X ■ D + 1) <p*] 5\ 9i + h.c. (5.22) 

Therefore we can add the extra pieces 5\ipi , 5\A a M to the variation of <fi , A a M to cancel the 
terms noted above. So we choose 

S\A a M = -i 9 -X 2 (e L T M ^ R ) (t a <p)t + h.c, (5.23) 

5l Vi = ~^X 2 (eZXl + T L e L ) (t B <p) . . (5.24) 
Then we obtain the following expression 

S e L^U + 5 £ L mt + 5 £ Lf tra (5.25) 
= ^5(X 2 )( (^)[^ MN ^D N Xl] \ 

= d M {5 (X 2 ) {elV L M + eW^) mt ) • (5.27) 

In the final form we see that we have obtained a total divergence, with e~Z (V^Y™ and its 
Hermitian conjugate £r {yM\ mt gj ven by 

el {VtT = {X 2 ) (<P%<p) [slV MN X N Xl] (5.28) 

_ {v Mynt = W_ s {x2) { ^ { _ f MN^ (5 29) 

We have shown that under the SUSY transformations the total Lagrangian (in the ab- 
sence of the dilaton) transforms into a total divergence. Using the form of the divergence 
given in (15.271) . and the previous pieces in the total divergence noted in Eq. fl5.ip . we com- 
pute the conserved SUSY current by applying Neother's theorem. The result is given by 
Eqs. fl2.19f2.20l) . 
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A. Conservation of the Supercurrent 



In this section, we prove the conservation of the supercurrent obtained above. For clarity, 
we separate the supercurrent into pieces and calculate one by one 

, total ( / ~ r M\chiral , / T M\ vector / T ]^\int 



(5.30) 



^Myurai = s (x2) ^ Dk (x ^ tl) {fKNfM _ vMNfK) ^ + ^-X N T MN ^ R \ (5.31) 



dW* 



(■#) 



vector 



5 (x2) 27! {paRLXN ( r ™ rM ~ W 



(5.32) 
(5.33) 



By using the equations of motion that follow from (12.31) one can check explicitly that this 
current is conserved as follows. We first drop terms that vanish because of the homogeneity 
conditions for on- shell fields. Then we get 



9m W) 



chiral 



%XD^ R + *WD<pVX1>* R 



dip 



, , , lM -, vector J (Fmp) X N T PN \ 



Ra 



+ ^ r2 F PQa tp Q XD\ Ra 



(5.34) 



(5.35) 



9m (.#) 



M\ int 



+%9 N [^ (t aV \] Y MN \ Ra X M 

+^ i (t a <p) i XD\ Ra \ (5.36) 

Next we use the equations of motion to verify the conservation of the current. All of the 
following equations, and their Hermitian conjugates, should be multiplied by 5 (X 2 ) , so they 
are required to be satisfied only at X 2 = 



(X • D + 1) w = (X ■ D + 2) Fi = (X ■ D + 2) B a = X N Ff 



NM 



(X.D + 2)4> i R =(X-D + 2) X R = 



(5.37) 
(5.38) 



D 2 ^ + 



d 2 W 



i „ — 



- F 3 ~ ^RjCXtpLk 



d 3 W 



d(pid(pjd(p k 



+ g(^By + V2g(^ L t a YxX R = 0, (5.39) 



[D M F MN ) a - zf abc \ Lb T MN \ Lc X M - ig ( ph a D N ( p + gX M ^ L T MN t a ^ L = 0, (5.40) 

d 2 W 



iXDtP R + iX*p Lj 
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- V2g ( V h a XX a L y = 0, 



(5.41) 



B a + g<pV(t a( p). = 0, Fl + 



0. 



(5.42) 



dip* 

iXDX a R + V2g<p^ (t a Xip L ). = 0. 

The first two equations impose homogeneity conditions on the fields, while the others control 
the dynamics. In the absence of the interaction given by Li nt , we had already proven 
that (jM) ctora( an d (j^) vectc were conserved. In the presence of the interaction Li nt the 
surviving terms come from the sources in the equations of motion provided by L int . Indeed 
we find 



d M W) 



chiral 



source (interaction with vector multiplet from L int ) 

iV2gD^X (\ R( p). + g ^B) l X^ lL 
V2g ^hXX R yX^ iL + =f (F MN ^Y T MN X^ iL 

-iV2gX M D N ^ l T MN {\ R tp). + tV2g [X ■ D<pV] (X R (p) i 
+g ( V H a y[-g^ (t^XiPa 
+V2g (^XX R yx^ lL + =f (F MN ^y T MN X^ lL 



H x2 ) 



5 (X 2 ) < 



(5.43) 
(5.44) 



(5.45) 



where we have used the Fierz identity of Eq. flBlj) . the gauge invariance of W (ip) as given in 
Eq. fl2.10l) . and the equations of motion to substitute for B a . 

For the supercurrent arising from vector multiplet a similar argument gives 

<9j\/ (j R y ect ° r = source (interaction with chiral multiplet from Li nt ) 

j- (ig V H a *D PV - gX M i^r M P t a ^ X N T PN X Ra 

where we have used the Fierz identity of Eq. (1B2j) . Inserting these results in Eqs. fl5.34H5.36p 
to construct 8m (j R y° ta as the sum of these, and cancelling terms due to the relation 



H x2 ) 



(5.46) 
(5.47) 



V2g {iPlXXr) 1 X^ L - -^=gX M ip L T M P ty L X N f PN X Ra 



(5.48) 



which follows from the Fierz identity in Eq. flBip . we get 

' -iV2g (D N <pV) {tarii (X M T MN X a R ) 
d M {J K R T al = S {X 2 ) \ ( (X M T^X%) 

+%d N [pK{t a <p) t ] (X M t MN X R ) 



(5.49) 



which is seen to sum up to zero. This proves the conservation of the total supercurrent. 
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VI. PHYSICS CONSEQUENCES AND FUTURE DIRECTIONS 



In this paper we have explicitly constructed N = 1 supersymmetric field theory with 
fields of spin 0, |, 1 in 4 + 2 dimensions, which is compatible with the theoretical framework 
of 2T field theory and its gauge symmetries. 

This represents another significant step in demonstrating that 2T-physics is sufficiently 
general to encompass all possible physical phenomena in lT-physics. The importance of 
this is in the fact that 2T-physics unifies many lT-physics systems with different dynamics 
in different spacetimes (so different meanings of "time" and "Hamiltonian" ) . By further 
pursuing this concept in the context of supersymmetry we expect to obtain dually related 
3+1 dimensional supersymmetric field theories. This could be used both as a tool to perform 
possibly non-perturbative computations in supersymmetric 3+1 field theory, as well as a new 
avenue to investigate what is meant by "space-time" and "unification" . 

The 4+2 supersymmetry transformation is given here off-shell, and is shown to leave 
invariant the action with all consistent interactions included. The SUSY transformations 
are different from higher dimensional N — 1 supersymmetry transformations one would write 
down in 4+2 dimensions naively. If we specialize to the on-shell and non-interacting version 
of our equations, we find agreement with previous work [16] which was done at the level of 
equations of motion without an action and only for free fields. Despite the differences, the 
SUSY algebra, combined with the SU(2, 2) =SO(4, 2) global symmetry of any 2T field theory, 
close to form the Lie superalgebra of SU(2, 2|1) for on-shell fields, including interactions. We 
checked this explicitly for the chiral multiplet as shown in Appendix (JU]), but we believe it 
to be true for the full interacting theory. However, for off-shell fields the closure involves a 
tower of additional 2T gauge transformations. 

The coupling of chiral and vector multiplets is studied and is uniquely fixed by the super- 
symmetry algebra. But unlike ordinary IT supersymmetry, the supersymmetry for 2T field 
theory requires the superpotential in the theory to be purely cubic, which is consistent with 
what is required by 2T gauge symmetry. In the framework of 2T field theory dimensionful 
parameters are not permitted by the 2T-gauge symmetry. Therefore to induce soft super- 
symmetry breaking it is desirable to couple the dilaton whose vacuum expectation value 
plays the role of the desired dimensionful parameter. To maintain SUSY, the superpartners 
of the dilaton should also be included. 
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After fixing the 2T gauge symmetry in a particular gauge as mentioned in footnote (jSJ), 
the 4+2 supersymmetry transformation SU(2, 2|1) reduces to the non-linear superconformal 
transformation of the corresponding massless fields in 3+1 dimensions. 

The emergent 3+1 SUSY field theory in this gauge is in most respects similar to stan- 
dard SUSY field theory. However, there are some interesting additional constraints from 
the 4+2 structure which would not be present in the general 3+1 SUSY theor y. One of 



these is the banishing of the troublesome renormalizable CP violating terms [26j 27| of the 
type Be^xaTr (F^F AfT ) . This is good for solving the strong CP violation problem in QCD 
without an axion. This property of the emergent 3+1 theory already occurs in the non- 
super symmetric 2T field theory as described in [ljj, and continues to be true also in the 
super symmetric case. 

Recalling also that the superpotential can only be purely cubic, we see that phase transi- 
tions like supersymmetry breaking and electroweak breaking need to be driven by the dilaton 
vacuum expectation value, and hence according to 2T-physics such phase transitions must 
be intimately related to the physics of the supergravity multiplet. The fact that these phe- 
nomena are not allowed to be independent of each other makes the 2T-physics approach 
physically more appealing as described in footnote ([2]). 

It appears that to investigate phenomenological consequences of SUSY in the context of 
2T-physics, we will need to construct the 2T formulation of supergravity which includes the 
dilaton and its couplings to matter along with the graviton. This is one of our immediate 
projects. We will then be in a position to describe a 2T version of the minimal supersymmet- 
ric standard model (MSSM), or its extensions, including the dilaton. The new restrictions 
imposed on it by 2T-physics, and the corresponding phenomenological consequences, could 
be of great interest for phenomenological predictions at the LHC. 

Generalization to extended supersymmetry with N = 2, 4, 8 is another research direction 
which is straightforward and will be discussed in a following paper. This would proceed by 
constructing the higher N theories from N = 1 blocks discussed generally in this paper. 
In this way the 2T gauge symmetry is maintained while the higher N structure puts more 
severe symmetry restrictions on the theory. The higher N theories in 4+2 dimensions will 
then become laboratories for investigating non-perturbative phenomena both from the point 
of view of the new 2T vistas as well as from the point of view of earlier non-perturbative 
studies. The latter would include studies such as the N = 2 Seiberg-Witten solution [28|] or 
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the N = 4 AdS-CFT phenomena [291]. but now directly in 4+2 dimensions. 

Ultimately, the main impact of the 2T point of view is likely to be along the ideas 
described in the first paragraph of this section, so we emphasize this again: In coming 
down to 3+1 dimensions there are a variety of spacetimes that can be obtained through 
the gauge fixing of the 2T gauge symmetry, and this is expected to generate a web of 
dual supersymmetric field theories one of which is the well-known 3+1 dimensional chiral 
multiplets coupled to the vector multiplets. We expect that nonperturbative information can 
be obtained from such dualities. The methods for performing this research will be discussed 
in a following paper [3^]. 
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APPENDIX A: GAMMA MATRICES FOR SO(d,2) AND SO(4,2) =SU(2,2) 

We consider at first even dimensions d + 2 in general, for a spacetime X M labeled by M, 
which forms the vector basis of SO(d, 2). There are two Weyl spinors labeled by a, a, 

fat*, (Al) 

so there are two representations of gamma matrices (r M ) and (T M ^ . in the left / right 
Weyl bases. The gamma matrices must satisfy the anticommutation rules 

pMpiv _|_ piVpAf _ 2r/ MN y m T n + Y N Y M — 2r/ MN (A2) 

where 7] MN is the SO(d, 2) metric with signature r] MN =diag(— , —,+,+,••• , +) . Then the 
correctly normalized SO(d, 2) generator J MN = L MN + S MN is represented on the two 
spinors by the spin S MN = t^T M7V or ^-T MN where 

pMiv _ \ ^y m y n — y n T m ^) y mn = - (f^r^ — f ^p*^ (A3) 

Thus, when the M,N indices are different one gets T 12 = T 1 r 2 , etc. Similarly, antisym- 
metrized products of gamma matrices applied on the two spinors are given by 
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-pMNK _ 1 (y mn y k + y km T N + r^^f M ) (A4) 
3 

3 

Fmnkl = ^ (Xmnk^l — ^nkiXm + r^^^ T^y — T LMN T K ) , etc. (A6) 

Thus, when the M, N, K indices are different one gets T 123 = T l T 2 T 3 and T 123 = r 1 r 2 r 3 ,etc. 

An explicit form of SO(d, 2) gamma matrices T M in even dimensions, labeled by M = 
0', 1', fj, and /i = 0, i, is given by 

r ' = -in x i, r 1 ' = r 2 x 1, r° = 1 x 1, r = r 3 x y, (A7) 

where 7* are the SO(d — 1) gamma matrices. The f M are the same as the T M for M = 0', 1', i, 
but for M = = /x we have 

f = -r° = -lxl. (A8) 

It is useful to define a lightcone-type basis X ±r = -j= (X ' ± X 1 ') and the corresponding 
gamma matrices 

r±' = -L (r ' ± r 1 ') = -i V / 2r ± x 1. (A9) 

In this basis the metric takes the form ds 2 = dX M dX N t]mn — —2dX + ' dX~' + dX^dX^rj^ 
where r]^ is the Minkowski metric for SO(d, 1) . Explicitly we write 

r+ -(rr)^M-^)'MU) 

where 

7m = (1, 7.) , % = (-1, 7*) , or 7^ = (-1, Y) , 7 M = (l, 7*) , (A12) 

paying attention to the lower or upper /i indices since the SO(d, 1) metric is 
rj^ =diag(— 1, 1, 1, • • • ,1). It should be emphasized that the 7^,7^ in f M are switched 
relative to T^. We can further write 

7 1 = a 1 x 1, 7 2 = a 2 x 1, 7 r = a 3 x p r , (A13) 
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where the p r are the gamma matrices for SO(d — 3). With the explicit form of the gamma 
matrices above we have 



similarly 



and 



Then X = X M T M , X = X M f M , \T M nJ mn , \TmnJ mn etc. take explicit matrix forms, 
such as 

X M Y M = -X + 'Y-' - X-'T+' + Fr, = ( , tV l X ~' ) (A18) 

\v MN J MN = -y + '-'j + '-' + - r + ; r'» - r-; (Ai9) 

(A20) 

If we specialize to S0(4, 2) =SU(2, 2) with d + 2 = 6. Then the p r are replaced just by the 
number 1 and then the 7 M , 7^ are given in terms of the 2x2 Pauli matrices 

7 M = (l,a), % = (-l,#), or 7" = (-1,5% 7" = (!,*)■ (A21) 
1. Metric, Hermitian conjugation 

To be specific we now specialize to S0(4, 2) =SU(2, 2) with d + 2 = 6. The gamma 
matrices we have defined are consistent with the metric i] al3 or i] al3 in spinor space given as 
follows 

rf# = -i Tl xi = r°' = f ', v a P = r ' = f ' (A22) 

Tl = ^ = (^°')\ (A23) 
^ = (<) J aP = (^°'Y . (A24) 



iV2^J + '» \J^ V - J + '- 
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The metric r\ has the following properties 

i] = r° , if = — 1, rf l = —r], i] T — T), rf = —r\. (A25) 

We then note that 

r°'r M r ' = [rr^ 1, r 2 x 1, -l°x 1, r 3 x ^ j = (r M ) f . (A26) 

From this we obtain the following properties 

^r]- 1 = - (f M ) t and r^r^V 1 = - (r M ) f (A27) 

^MiV ^-1 = _ ( F MiV)t ^ ^ MN V -1 = _ (fMNy (A2g) 

vV MN T K v -l = ^K T M N y ) and ^ MN v -l = (pAfJVprjt (A2Q) 

vT MNK v -l = ^MNKy and ^ MNK V -1 = ^MNK^ (A3Q) 

The second line is derived from the first line: rj (r M T N ) r]' 1 = (r M ) f (r 7 ^ = [r N T M y 
which leads to (r]T M T N ) = - (r]T N T M y . Similarly the third line is derived from the first 



and second lines r]T MN T K i] 1 



(YMNy _ (f K y = (fK T M N y etc ^ while the fourth 



line follows from the third. Note that the patterns of T, T on the left or right are not the 
same in each line. From these we obtain the following properties of the matrices rj, rjT M , 
^pMW ^ ^y mnk ) etc. under Hermitian conjugation 

77 = —77+, r/r M = (77f M ) f , V T MN = ( V T MN y , Tyr™ = - ( v T MNK y (A31) 

and similarly for r]F M , i]T MN , V T MNK , etc. 

Using these properties of the metric we obtain the following hermiticity properties for 
pairs of fermions 

{ih^y = -Mil, {^r M ^ m y = ^T m ^j 1l , 

(^T M T N ^ 2L y = ^h L T N T M i, lL) (^T MN ^ 2L y = i^ L T MN i, lL (A32) 

(M«Ffe) f = -v^r^iL, {^L~r MNK ip 2R y = -~^ R r MNK ^ L 

These are used to verify the hermiticity of the action, transformation properties, and con- 
sistency of SU(2,2|1) group theoretical structures that appear in the text. 



2. Charge conjugation, transposition, Majorana spinors 



Next we define the charge conjugation matrix C for SU(2, 2) by 

C — n x a 2 = -Crj, where C = CT ' = -1 x ia 2 . 
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(A33) 



It has the following properties 

C = n x a 2 , C 2 = 1, C" 1 = C, C T = -C, C f = C. (A34) 
Then we see explicitly that 

/ o' i' o * . 

CT = -1 x ia 2 , r 3 x i<7 2 , n x <t 2 , — t 2 x icr 2 (7 l 

which shows that CY M are all antisymmetric matrices. Similarly, CY M are also antisym- 
metric. Therefore we derive the following properties 

CV M C -1 = ( V My ^ C f M C -1 = 

CT MN C -1 = _ (pMNj T ^ C fMN C -l = _ [ F MNj T (A35) 

(jy mnk c^ 1 = (Y MNK y r (jy mnk c~ 1 = (f MNK y r 

The second and third lines are derived from the first line: C (T M T N ) C' 1 = (T M ) T (T N ) T = 
(f ^r M ) T which leads to (CT M f N ) = - (CT N T M f , etc. Note that the patterns of T, f on 
the left or right of each equation are not the same in each line. From these we obtain the 
following properties of CT M , CT MN , CT MNK etc. under transposition 

(CT M ) T = - (CT M ) , (CT MN ) T = (CT MN ) , (CT MNK f = (CT MNK ) (A36) 

and similarly for CT M , CT MN , Cf MNK . 

The charge conjugate spinor of a left-handed spinor (tpL) a (a 4 of SU(2,2)) is a right 
handed spinor which we denote as {^)%) & (a 4 of SU(2, 2)) and define it by 

(Pr)* = ( C ^ T ) a = fa T Y = (° ( r °') T ^) = (pM) . » (A37) 

with C = — 1 x ia 2 . From this we extract (V'j?)* = (c*i^lJ = (Cipi^j which gives the 
following form after multiplying both sides with C 

1>l = -c (ti,%Y = -c (r°') T WrY = -c~m T - (A38) 

So, for consistency with these equations, the charge conjugate spinors need to be defined 
with the following patterns of chiralities and signs 

(^)=(CW T ), rl> L = -Cjtff, (A39) 
(r L ) = -(c^n r y ^ R = CW) T . (A40) 
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We now define a Majorana fermion for SO (4, 2) as one that satisfies the following condition 

, „ Majorana , / . . , > 

V L ,R = ^L,R- (A41) 

Then from the above definition of ip c L R we derive consistently that a Majorana fermion has 
the following properties 

, Majorana „— ; — T . Majorana „— ; — T , . _ s 

ipR = Cij L , ipL = -CijjR (A42) 

— ; — Majorana , , N T „ — ; — Majorana , . ,T / » 

^ = W C, = - {W C (A43) 

Using this and Eq. (1A36l) we now see the following permutation properties of Majorana 
spinors when ipi,ip2 are interchanged (treated as anticommuting Grassmann numbers). Thus 



we find ipuX i J 2R and ^irT ip2L are symmetric under the interchange of 1 <-> 2 

; Majorana 



ipiiJ? Y2R = ~ (iPirY CY m ^ 2R (A44) 



= - (<M CT M ^ 1R = ^uJ^ifl, (A45) 

With similar manipulations we establish the following properties under the interchange of 
1 <-> 2 for Majorana spinors. These follow from Eqs. (1A35|A36l) 



For Majorana fermions only iPil4>2L = —^r^ir 



^l L T M ^2R = ^2lT M ^ 1R , ^1 R T M ^2L = ^r A ^lL, 

^T M T N ^ L = --^h R t N T M ^ lRl JTlT mn ^l = ^T MN ^ 1R (A46) 



„/, -pMNK.i, _ ./, -pMNK„i, .1, ]\M.\I\ . , _ j, -pMNKj, 

Note that for the gamma matrices T M , Y MNK the interchange 1 <-> 2 is symmetric or anti- 
symmetric, but for the gamma matrices 1, T MN the interchange 1 <->• 2 is neither symmetric 
nor antisymmetric since left handed fermions are replaced by right handed ones, and vice 
versa. These properties are used to manipulate various terms in proving the SUSY prop- 
erties of the action and to check the consistency of SU(2,2|1) group theoretical structures 
that appear in the text. In particular, from the third line above we deduce the following 
properties of the fermion kinetic term 

% (^hXD?p L + i^DX^ Ma3 = ana -i (Jr'XD^r + faDXfa) . (A47) 

This agrees with the correct overall signs of the kinetic terms for fermions of left/right 
chiralities. 
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3. 8-component SO (4,2) Majorana spinor 



Although we prefer to use the 4-component left or right SU(2, 2)=SO(4, 2) spinor notation 
in this paper, for completeness and for future reference we also discuss the 8-component 
spinor in this Appendix. The left or right SU(2, 2)=SO(4, 2) spinor can be rewritten as the 
8-component Majorana spinor of SO(4, 2). To see this we now introduce an 8 dimensional 
Majorana spinor ip and its conjugate through the following definitions in which ipL,ipR 
are related to each other as shown in Eqs. (1A42IIA43D 

^ $ = (>L 4) y I °_ j = (fc, ^r) > (A48) 

r= { o -cj j Ma ^ ana j =tp (A49) 

Note that ip satisfies the Majorana condition ip c = ip. We can also write (see Eq. flA43p ) 

—C 

ip = tp T c, with c = - I I , c T = c (A50) 




C 



Then ip x ^ Ml '" Mn tj}2 take the form 



Vi7 A V 2 = (fe ^r) ( _° M ^ 1(^1 (A51) 

<M MA V 2 = (fe ^ ( ° ) ( ^ ] (A52) 

etc. For 8-component Majorana spinors we obtain the following permutation properties 
when ipi , ip2 are interchanged 



V>1^2 = V'lL^L + ^XR^2R (A53) 
Majorana —, , — ; , 7 . 

: = -V2RV1R ~ V2LV1L = -1P21P1 



Al M i>2 = ^ilT m ^ 2 r + ^PirT m ^2L (A54) 

Majorana + = ^ 

^1 MN ^2 = JTlT MN ^l + JTrT MN ^2R (A55) 

.Majorana J^fMN^ + ^MN^ = ^MN^ 
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^1 MNK ^2 = JTlT mnk ^r + JTrT MNK ^l (A56) 

Havana ^^MNK^ R _^MNK^ 1 = -^NK^ 

In summary, i[)fy Mv " Mn il)j have the following symmetry or antisymmetry properties under 
the interchange of i, j 

symmetric: ^ (j M ) ipj, ^ (j MN ) ipj 

(A57) 

antisymmetric: ipi (l)if>j, 4>i (j MNK ) ipj 

We can also introduce an additional 8x8 gamma matrix 7 7 = (q which anticommutes 
with the other six gamma matrices {77, 7m} = 0, and construct 7 7 7 A/ , ^ 7r y MN and 7 7 as the 
additional traceless 8x8 gamma matrices that complete the set of all 8 x 8 matrices. For 
these we have the following permutation properties 

4>ll 7 ^2 = ^\L^2L ~ 1plR?p2R (A58) 
Majorana — 7 7/ 

: = -V2RV1R + W2lW\l = V2I W\ 



Majorana 



ip2i£ M ^m ~ ^2rT m ^ 1l = ^7 Wi (A59) 



^1 MN ^2 = A~ L T MN ^2L ~ Ar'T^R 

.Majorana ^fMN^ _ ^MN^ = ^^MN^ {MQ) 

In summary, i() i r ) 7 '^ Ml '" Mn ipj have the following symmetry or antisymmetry properties under 
the interchange of ipi,ipj 

symmetric: fa (7 7 ) ipj , fa (7 7 7 M ) fa, , Aa ,. 

(A61) 

antisymmetric: fa ^■y MN ^j ?pj 

The symmetry or antisymmetry properties given above can be related to the proper- 
ties of SO(5, 2) gamma matrices given by 7 m = (7 M ,7 7 ) . Specifically we note the 8x8 
SO (5, 2) gamma matrices c and c , ~f rnnk are symmetric while C7 m ,c7 mn are antisymmetric, 
where c is given in Eq. flA50j) . This is easily understood by simple counting of dimensions 



in spinor and vector spaces of SO(5,2). That is, the symmetric products in spinor space 
gives (8 x 8) s = fif = 36, while for gamma matrices c © c^ mnk we count the same dimen- 
sion, namely 1 + = 36. Similarly for the antisymmetric product in spinor space we 
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have (8 x 8) a = fif = 28, while for cy m © c^ mn we count the same dimension, namely 
7 + y"§ = 28. From this we immediately conclude that the SO(5, 2) gamma matrices have 
definite symmetry properties, namely c © c ^ mnk are symmetric and cy m © cy mn are anti- 
symmetric. Taking into account that z/5 = ip T c (see Eq.( 1A50l) ). and an extra minus sign due 
to the interchange of Grassmann numbers, we obtain the permutation properties of fermion 
bilinears ^ (/y m i-"*») ^. = ipj ^"i 1 ---m n ^ ^ under the interchange of ipi, ipj as follows 

symmetric: ^ (j m ) ip u fa (7"™) ^ ^ 
antisymmetric: ^ fa ^ mnfc ) ^ 

These S0(5, 2) properties reduce to the S0(4, 2) properties for Majorana fermions as given 
in Eqs.( lA57]A6ip by specializing the indices m = (M, 7) . 

The charge conjugation or Majorana properties described in this Appendix are used to 
verify the SU(2,2|1) group theoretical consistency of the fermion bilinears that appear in 
the transformation laws and other structures given in the text. 

APPENDIX B: FIERZ IDENTITIES 

In this appendix we prove the two Fierz identities 

6 (*) &^a^ fc 5 **") = °' (B1) 



and 



S(X 2 ) f abc (el [r M , X] X a L ) [x L b [T M , X] A£) = 0. (B2) 
We start with the gamma matrix identity of Eq. fl3.3ip . which allows us to write 

-- -~ (^Xif> Lk ) (e^X^ Lj ) + I (faXr MN i/> Lk ) (eHXT MN ^ L] ) . (B3) 

4 o 



This equation is rearranged by moving the first term on the right side to the left side. After 

d 3 W 

dtpidipjdipk 



multiplying both sides with the the totally symmetric » d » W a — and summing over k we 



derive 

5 <9 3 iy 1 8 3 W 

7 5-5—5 (jpRi-XipLk) (eRX^ Lj ) = - (^mXT MN ^ Lk ) (e^XT MN ^ Lj ) . (B4) 
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We focus on the term ipmXT mn^lu on the right hand side which can be rewritten by us- 
ing gamma matrix identities as ipmXT MN if) Lk = X p i/j Ri (T PM n + VpmT n - VpnTm) ^Lk- 
The Tpmn term can be rewritten as X (1^14) (CTpmn) ipLk by using the charge conju- 
gation property ip Ri = {ipLif C- We argue that the Tpmn term can be dropped due to 
the symmetric property of dLp d Q^ dVk under the interchange of % and k, the symmetric prop- 
erty of {CTpmn)^ under the interchange of a and f3, and the antisymmetry under the 
interchange of two fermions. The remaining terms on the right hand side take the form 
I dlf ^ 9ipk (^RiX[ M T N ]i/j Lk ) {elX [M T N] il) Lj ) . We drop the term proportional to X 2 since 
there is an overall 5 (X 2 ). Then we obtain the relation 

k d 3 W - 1 d 3 W 

I 6 ^ 5£fl^ = -2 S W S^^ k ( fa ^'"> ^*«) 

(B5) 

Pulling all terms to the same side of the equation and rearranging, we obtain the desired 
Fierz identity of Eq. flBll) . 

Next we prove the Fierz identity of Eq. (1B2l) where [r^,X] is defined as 

[r M , X] = T M X - XT M = 2T MN X N . (B6) 

We start again with the gamma matrix identity of Eq. (13.311) to write 

f abc (ei [r M) x] x a L ) (aZ" [r M , x\ x\) 

fabc 



|(A 6L [r A/ ,X] T R ®X aL )(el [T M ,X] TrqX c l) 
—\{XbL [r M ,X] X a L)(el \Tm, x\ X c l) 



(B7) 



The last term on the right side has the same form as the left side, so the equation is 
rearranged as 

-^fabc£ r L \Tm,x] x a L x L [r M ,x] X C L 

= l -f ab c{X bL [T M ,X] T RQ X aL )(eI [T M ,X] T RQ X cL ) (B8) 

By using gamma matrix identities (14.141) . and setting X 2 terms to zero since there is an 
overall 5 (X 2 ) , the right hand side can be rewritten as 

\f ab \\LT MNRQ X aL ){elT MPRQ X cL )X N X p + ^f abc (X bL [T M ,X] X aL ){el [T M ,X] X cL ). 

(B9) 
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The last term in Eq. (1B9l) is similar to the left side of Eq. (lB7l) . so they combine, and we are 
left with 

\s (X 2 ) f abc el [T M ,X] XI J? [T M ,X] XI = ±6 (X 2 ) f abc X N X p (J bL T MNR Q \ aL )(elT MPRQ \ cL ) 

(BIO) 

Next we use the fact that Y MlM2MzMi = \e MxM,lMzM ^ hMb Y M ^ and we perform the sum 

-^ N X P£MNRQM5Mb£ MPRQN 5 N 6 = ^[P^N^Ne\-^ N -^ P ■ (BH) 

Here we drop the terms proportional to X 2 since there is an overall delta function 5 {X 2 ) . 
Inserting this in Eq. flBlOl) . we find the right hand side of (IBlOj) looks the same as the left side 



of (1B10I) . but with the numerical coefficient —3/4 on the right versus 1/4 on the left. Pulling 
all terms to the same side of Eq. flBlOj) we obtain the desired Fierz identity of Eq. (lB2l) . 



APPENDIX C: OFF-SHELL CLOSURE FOR CHIRAL SUPERMULTIPLET 

We now consider the closure of the SUSY transformations (S £l 5 £2 — S £2 5 ei ) applied on 
each field in the chiral multiplet ((p,ipL, F) i , in the absence of interactions with the vector 
multiplet (i.e. g — 0), with each 5 e given in Eqs.f l3.Hl3.13p . 

1. Closure for Scalars 



R 



S le 1 Se 2 ]¥ = £ R[2^ [Se^Lj ~ ^X 2 (e R[2 d (X^l) + S R[2 U ] (5 ei] ll). 

' m [2 f MN e m] X M d NV + m [2 e m] [X-dtp- \X 2 d 2 V ] 
-ie^ [2 Xe L1] F + \X 2 m [2 Y M e L1] d M F 
-\X 2 m [2 e RX] U^F^ + \X 2 ie]i [2 t M e L1] Wd M <P 

— 2 -£r[2F MN £ri]Lmn(P — i£ r R[ 2 £Ri](p 
^ +m [2 em] {X-d+l)<p- \X 2 ie^ {2 e Rl] (d 2 <p + WF*) 

where we have used 

^Rpr M£ li\ = 

from the second line to the third line. 



(CI) 
(C2) 

(C3) 

(C4) 
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From Appendix (jA"|) . one can conclude that £r[ 2 F mn £ri] and isr^ri] are imaginary 
numbers. These effective parameters in the first line of (1C3I) are interpreted as the closure 
to the global bosonic subgroup SU(2, 2) xU(l) CSU(2, 2|1), where the U(l) is the so-called 
/^-symmetry. The second line flC3p is proportional to the 2T-gauge symmetry generators 
connected to the phase space constraints X ■ P and X 2 . So these terms in the closure are 
2T-gauge transformations of the scalar field [l3j|. If the field is partially on shell by setting 
X 2 = and (X ■ d + 1) (p — 0, to satisfy these constraints (derived as equations of motion in 
Eq. fl5.37l) ). then the closure for such fields is purely into the bosonic subgroup of SU(2, 2|1) . 

This makes it clear that for fields that satisfy the Sp(2, R) gauge invariance condi- 
tions (i.e. partially on-shell), the closure is into SU(2, 2) xU(l) CSU(2,2|1). However, 
for general off-shell fields the closure of two SUSY transformations is into the global 
SU(2, 2) xU(l) CSU(2,2|1), plus 2T-gauge transformations connected to the underlying 
Sp(2, R) [1311 . The same pattern is observed for the other components of the chiral multiplet 
as follows. 



2. Closure for auxiliary fields 

The closure of the auxiliary field F works as usual, 

5 [£1 6 £2] F = -eE [2 Q:T MN L MN + 2^j 8 e ^ L (C5) 

\eR [2 Y MN e Ll] L MN F + 2ie^ [2 e Ll] F - 2ieE [2 T M £ R1] d M <f \ 
-\e^ [2 T MNP e L1] L MN d p ip - ^ [2 ^ M e R1] r,^ p L MN d p( p J 

'7^R[2^ Mh 1 £ri\LmnF + 2ie R ~[ 2 ERi]F (C7) 



where we have used (see Appendix ( [A]) ) 

£R[2 £ R1] — e R[2 £ Ll] (C8) 

£r\2l £ri] = -£r[2L l^yj 
The closure on F consists again of the global bosonic subgroup SU(2, 2)xU(l) CSU(2, 2|1) . 
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3. Closure for Spinors 



To calculate the closure on the spinor, we use the following Fierz identities which will be 
derived later in this subsection. 

3 1 - 

£R~ [1 T M ip L r M e R2 ] = --eR-[ie R 2]ipL + -e^ {1 T MA r e R2] T MN ijj L , (CIO) 

and 



e^ {1 T M (X M d N ip L ) T n e R2] 



+ ]$ £ R [l^ PRMN e R2] ^PrXmOniPl 

+\eR- [x T MR s m] T R X M di) L - \e^ {l T MN e R2] X M d N ^ L 
+I^R[if PN e R 2]XT P d N ijj L — \e^[ir MN e R2 ]X M d N ifj L 
+|eS[if MN e R2] T MN X ■ difj L 
+je R - [1 e R2] Xdip L - \e R ~ [1 e R2] X ■ d^ L 



and 



and 



£L[iipL£L2] = --r£R[i£R2]ipL - ^pr' i Pl£r[i^ PR Sr2] 



(Cll) 
(C12) 



eI {1 T MN {X M d N ip L )e L2] 



Then we compute 



l£ R [iT ' e R2 ] (XmOn^l) + 8 e R[iF £r2]^pr (XmOni/jl, 
-f^f MR e m T p R X M d P i> L + \e^ {l T MR e R2] T p R X P d M i, L 

~\ £ R [l £ R2] F MN X M dNlpL 



(C13) 



(C14) 
(C15) 



5 [£l S E2 ]ip L = id(S[ £l ip)e R2] - iS [ei Fe L2] 

m {l d [X^ L - \X\d^ L + VH R )\ e R2] 
-ieZ {l {T MN X M d N -2)^ L e R2] 

This becomes 

[mil? M i>LT M em]] + [i^r M (X M d N ^ L ) T N e R2] ] 
[-m {1 r MN X M d N ip L e R2] ] + [2ieZ {1 ^ L e R2] ] + (X( + X 2 g) 

Here we note that everything of the form X(+X 2 g in the transformation of ipL is a 2T-gauge 



(C16) 



transformation of the spinor 



13|- 
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This can further be put into the form 

S[ ei 5 ea ]lf>L = |-^£R[ 2 f MN £ri] [LMN + T^MNj IpL + T^R^Rl^L^ (C17) 

\ fieipeja] (X • «9 + 2) </>l + (X( + X 2 g) J 

In this form, we see that the first bracket represents the closure into the bosonic subgroup 
SU(2, 2)xU(l) CSU(2, 2|1) , with the correct SU(2, 2) generator (L MN + ^Y MN ) for the spin 
1/2 fermion. The second bracket is again a 2T-gauge transformation since (X ■ d + 2) i/j^ 
is the action of the Sp(2,i?) generator X ■ P on the fermion [lsj]. For a partially on-shell 
homogeneous field (X • d + 2) ijji = that is Sp(2, R) gauge invariant (which is an equation 
of motion at g = as in Eq. fl5.38p ). the second bracket drops out. Hence for Sp(2, R) gauge 
invariant fields the closure is purely into the bosonic subgroup of SU(2, 2|1). 

If we gauge fix the 2T gauge symmetry as in footnote (JB]), the transformations become 
the familiar hidden superconformal symmetry of N = 1 chiral multiplet. 



a. Proof of the identities C10-C13 

The first two identities are proved as follows. Using the Fierz identity in Eq. (13.311) . we 
can write 

e^ {l Y M ^ L Y N e R2] = -\eR {1 Y m Y n s R2] iIj l + ifj^F M Y PR Y N e R2] Y PR ip L . (C19) 

4 o 

Using the commutation relation [F M , Y PR ] = 2t] mp Y r — 2rj MR Y p we change the order of Y M 
and T PR for the second term on the right hand side. After that, use F M T N = f MN — fj MN 
and dHHD , to get, 



-\eR {l Y MN e R2 ^ L - le^ {1 e R2] v MN ^L + §g%f PRMN ^pr^l 

-\e^ [x Y p ^E m Y p N ^ L + lv MN ^[ir PR e R2] Y PR ^ L + \e^ [x E m] Y MN i; L 

(C20) 

Then we can use ( 1C20[) to derive the first two identities 

~M 3 1 ~ AIN 

£R[lY i/JlYm£ R 2] — ~-^R[l^R2]i l L + J^R\lY ^R2}Y MN^L-, 
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and 



eS tl f M (X M d N ij L ) F N e m] 

-le^[ 1 T MN e R 2]X M d N ipL - j£r[i^R2}X ■ d^ L 
+ \~£r[i^ PRMN e R2] r 'prXmOniPl 

— \^R[1^ PM ^R2]^ PnX M N ipL 
+ \£R[lF PN £R2}FMpX M d N 'lp L 

+ \e^[iT MN e R2] T MN X-d^ L 

+ Z £ R [1 £ R2] ' XmOniPl 

-je^[it MN e R 2]X M d N ip L - \e^ [x e R2] X ■ dijj L 

+ l£~R{lF PRMN ER2}F PrXmOn^L 

+\e^ [x Y MR e R2] Y R X M d^ L - \e^ [x Y MN e R2] X M d N ^ L 
+ \£R[i^ PN £R2}XT P d N ip L — \'e R [iT MN e R2 ]X M d N r ilj L 
+\eH {l T MN e R2] T MN X-di, L 
+\e R -[iE R2] Xd^ L - \e^ [x e R2] X ■ dip L 
On the other hand, using the Fierz identities (1C8|) and (1C9I) we can easily derive 



(C21) 



(C22) 



1 1 

£Z[ii>L£L2] = --r£L[i£L2]ipL + -Tp R i> L £L[iT PR E L2] , 

4 <5 



■-r£R[i £ R2]^L - QY PR ijj L em 1 T PR e R2 ] 



(C23) 
(C24) 



Now let's tackle the last identity. First, we use the Fierz identity, 



el [x Y MN {X M d N ^ L )e L2] (C25) 
= -\eZ [x T MN e L2] (X M dM + \eZ [x T MN T PR e L2] T PR (X M d N ^ L ) (C26) 

4 o 



Then we use (14.141) to get 



eE [x r MN (X M d N ip L )e L2] = t 



\e^ [x T MN e R2] (X M dM + \el [x T MNPR e L2] T PR {X M d N ^ L ) 
+\el [x T MR e L2] T p R X M dp^ L - \eI [x Y MR e L2] Y p R X P d M ^L 



■\el [ iSL2]T MN X M d N ^ L 



(C27) 
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Finally, we use (1C8|IC9|) to change left-handed spinors to the charge-conjugated right-handed 
spinors, and similarly 

- L[1 T MNPR e L2] = -ie MNP ^ s eI {1 r QS e L2] , (C28) 
= l e MNPR ^ [1 T QS e R2] , (C29) 
= eH [1 T MNPR e m , (C30) 

to obtain the last identity. 
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